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EXECUTIVE SUMMARY

This report represents Deliverable D1.1 "State-of-the-art and concept of the vibration prediction tool" of the
Collaborative Project SILVARSTAR that is funded under the European Union’s Horizon 2020 Research and
Innovation Programme under the open call S2R-OC-CCA-01-2020 as part of the Cross Cutting Activities
of the Shift2Rail Joint Undertaking.

Part I of this report presents the state-of-the-art of prediction models for railway induced vibration, corre-
sponding to Task T1.1 in the Description of Work, and differentiating between numerical, empirical and
hybrid models. Main excitation mechanisms defining quasi-static and dynamic axle loads are discussed,
followed by a general formulation to compute the response of 3D media under moving axle loads. Efficient
numerical methods are presented to compute dynamic axle loads, to solve the train-track interaction prob-
lem, and to compute the response of the track and the free field. The focus is on models that exploit the
longitudinal invariance of track and soil. This is followed by a review of empirical models with particular
emphasis on the general framework recommended in ISO 14837-1:2005, as well as the empirical proce-
dure for Detailed Vibration Assessment pro-posed by the Federal Railroad Administration and the Federal
Transit Administration of the U.S. Department of Transportation. These offer the opportunity to develop
hybrid models that combine experimental data with numerical prediction.

Part II of this report presents the concept and framework of the hybrid vibration prediction tool that will
be developed in SILVARSTAR, corresponding to Task T1.2 in the Description of Work. A hybrid predic-
tion methodology is proposed, based on the general framework recommended in ISO 14837-1:2005, the
state-of-the-art numerical models developed by the partners in the project, and the empirical procedures
recommended in the FRA/FTA guidelines. Particular attention is paid to compatibility with international
standards and guidelines, as well as with external GIS software through the IMMI software. It is also
explained how the proposed hybrid methodology is expected to be used for vibration prediction in a wide
range of practical situations.
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1. INTRODUCTION

Ground-borne noise and vibration studies are performed all around the world [22] to assess the environ-
mental impact of new railway lines or the extension of existing lines on the surrounding inhabitants (figure
1). However, analysis is performed by simulation engineers, measurement specialists, and academic re-
searchers, using a wide range of models with different degrees of complexity and precision. Depending
on the background and experience of a project team, a combination of in-house software or tools devel-
oped at universities and research institutes may be used. A lack of uniformity and interfaces is observed,
which does not facilitate the comparison of results obtained with different prediction models. Moreover,
the quality of the predictions and the associated uncertainty strongly depend on the available data and the
experience of the noise and vibration consultants involved. Existing models are not well integrated in the
railway project development process. There is a general lack of user-friendly software incorporating widely
accepted solution methods.

Figure 1: Railway induced vibration in the built environment.

The first overall objective of SILVARSTAR is to provide the railway community with a commonly accepted,
practical and validated methodology and a user-friendly prediction tool for ground vibration impact studies.
This tool will be used for environmental impact assessment of new or upgraded railways on a system level.
It will provide access to ground vibration predictions to a wider range of suitably qualified engineers and
will facilitate project planning and implementation by improved simulation processes.

A frequency-based hybrid prediction tool for ground vibration will be developed, that combines results com-
puted with state-of-the-art numerical models and site-specific field measurements. The reason for using
a hybrid approach, combining experimental data with numerical predictions, is that a purely experimental
approach is constrained to the cases that have been measured, whereas a purely numerical approach,
such as finite element and boundary element modelling, generally involves excessive computation times.
The SILVARSTAR hybrid approach is much more flexible and practical.

The proposed method follows the general framework recommended in ISO 14837-1:2005 [88], where the
vibration level in a point in the free field or in a building is written as the product of a source, a propagation,
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and a receiver term; each of these terms is frequency-dependent and can be represented by numerical
prediction or by experimental data. At every stage of the propagation path (source, propagation, receiver),
the user will have the option to use computed or measured data:

• The vibration source is the train-track interaction. The proposed method will allow the properties of
the vehicles, the track, and the underlying ground to be fully taken into account, as well as excitation
in terms of the track and wheel surface unevenness.

• The propagation path is highly complex, depending on the local soil properties. The use of measured
transfer functions can directly take account of on-site complexity, but cannot allow for situations that
do not yet exist. In this way, numerical approaches are also useful.

• At the receiver, noise and vibration levels depend on the building structure and its foundation type.
The large variety of structures is generally addressed with statistical transfer functions that depend
on overall building type and use. This approach will be adopted and coupled to the previous terms.

The SILVARSTAR partners have experience with the development and validation of hybrid models for
ground vibration of trains running at grade, as well as the know-how to extend and validate such models
for trains running in tunnels [192, 117, 111, 110, 134].

ISVR and KU Leuven developed a range of complementary semi-analytical numerical prediction tools,
MOTIV [163, 140, 141] and TRAFFIC [121, 116, 119, 120, 115], for trains running on a track at grade or in
tunnels, supported by or embedded in a layered ground. These tools will be used as the basis of further
development in SILVARSTAR. As will be explained in section 4, more detailed numerical models have also
been developed using 2.5D, periodic and 3D coupled Finite Element (FE) and Boundary Element (BE)
methods which allow more complex situations to be modelled [167, 36, 33, 67, 57, 56, 90]. However, the
versatility of such modelling comes at a high computational cost.

Based on its wide experience in engineering consulting, Vibratec uses hybrid methods that combine a
numerical computation of the dynamic axle loads with experimental transfer functions to predict free field
vibration levels. This approach is implemented in the software package GroundVIB [134], and will also
serve as a basis for further development in SILVARSTAR.

The model will finally be implemented in an existing noise mapping software IMMI, developed by Wölfel.
This will include a user-friendly Graphical User Interface (GUI) similar to that already used for noise map-
ping. It will also allow interface to Geographical Information systems (GIS) including Open Street Map
(OSM), information on the terrain, the location of buildings as well as geological data. Train types, track
types, traffic information, and other relevant data will share a common database with that used for noise
mapping. Outputs will include descriptors that are compatible with international vibration standards and
guidelines. The result will be an operational and flexible prediction tool, based on the latest scientific de-
velopments. It should allow assessment of vibration levels for large scale studies (project wide), as well as
studies of specific situations in more detail.

This report is divided into two main parts.

Part I of this report presents the state-of-the-art of prediction models for railway induced vibration, corre-
sponding to Task T1.1 in the Description of Work. Part I comprises sections 2-6.

• Section 2 discusses the main excitation mechanisms for railway induced vibration, differentiating
between quasi-static and dynamic axle loads; track unevenness and parametric excitation are dis-
cussed in more detail.
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• Section 3 presents a general formulation to compute the response of a 3D medium, characterized by
its transfer function, under moving axle loads. Particular attention is paid to the case of translationally
invariant media, for which an efficient formulation is possible in the wavenumber-frequency domain.

• Section 4 subsequently presents efficient numerical methods to compute the transfer function of the
coupled track-soil system, to solve the train-track interaction problem (resulting in the dynamic axle
loads), as well as to compute the response of the track and the free field under the action of moving
loads. A case history of a ballasted track is considered, and numerical results obtained with the
MOTIV and GroundVIB software are used for illustration.

• Section 5 presents empirical models with particular emphasis on the general framework recom-
mended in ISO 14837-1:2005 [88], as well as the empirical procedure for Detailed Vibration Assess-
ment proposed by the Federal Railroad Administration (FRA) and the Federal Transit Administration
(FTA) of the U.S. Department of Transportation [71, 72, 70, 152]. The latter is illustrated by means
of in situ vibration measurements along the high speed line L2 Brussels-Köln in Lincent and in a
three-storey reinforced concrete building located at about 40 m from the railway line L1390 Leuven-
Ottignies.

• Section 6 discusses possiblilites to develop hybrid models, combining results computed with state-
of-the-art numerical models and site-specific field measurements. This is also illustrated considering
the Lincent case history, as well as the GroundVIB software.

Part II of this report presents the concept and framework of the hybrid vibration prediction tool that will be
developed in SILVARSTAR, corresponding to Task T1.2 in the Description of Work. Part II builds upon the
state-of-the-art outlined in Part I and comprises sections 7-8.

• Section 7 presents the proposed hybrid methodology, which is based on the work presented in sec-
tion 6, following the general framework recommended in ISO 14837-1:2005 (section 5) and using the
state-of-the-art numerical models presented in section 4. Particular attention is paid to compatibility
with international standards and guidelines and external GIS software. SILVARSTAR will also ensure
that the developed methodology is compatible with the requirements defined by the complementary
project FINE-2.

• Section 8 explains how the proposed hybrid methodology is expected to be very useful for making
vibration prediction in a wide range of practical situations.
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Part I

STATE-OF-THE-ART
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2. EXCITATION MECHANISMS

2.1 Introduction

This section is based on the keynote paper of Lombaert et al. [117] presented at IWRN11.

The loads applied to the track by a running train can be decomposed into a static and dynamic component.
The static axle load follows from the distribution of the weight of each carriage. The dynamic axle loads
are due to several mechanisms such as wheel and rail unevenness, impact excitation due to rail joints and
wheel flats, switches and crossings, and parametric excitation due to sleeper periodicity [176].

The time history gkj(t) of each axle load k in the direction ej can be decomposed into a static component
gskj and a dynamic component gdkj(t):

gkj(t) = gskj + gdkj(t) (1)

Assuming a linear behaviour of the track and the supporting soil, the resulting ground vibration uj(t) can
be decomposed into the quasi-static contribution usj(t) and the dynamic contribution udj(t):

uj(t) = usj(t) + udj(t) (2)

2.2 Quasi-static excitation

The static component gskj of the vertical axle loads follows from the distribution of the weight of each car-
riage over the axles and is equal to wkδzj , where wk is the weight carried by axle k and δzj is the Kronecker
delta that equals 1 when j refers to the z-coordinate and 0 when j refers to the x- or y-coordinate.

In section 3, the response of a 3D and a translationally invariant medium due to quasi-static axle loads
moving at a speed v will be derived in detail.

When the train speed is situated in the sub-critical range, i.e. well below the wave speeds in the track-
ground system, the quasi-static response of the soil resembles a sequence of bowl shaped deflections
that travel with the train. The time variation of the response at a fixed point is therefore due to successive
rising and falling of the response at the passage of each axle. The repeated passage of axles leads
to the characteristic peaks and troughs in the narrow-band frequency spectrum of the response that are
determined by the axle and bogie passage frequencies [34, 7, 8]. This can be understood by writing the
quasi-static response as a superposition of the contributions of different train axles:

usj(t) =

na∑
k=1

wkus0j

(
t− yk0

v

)
(3)

where na is the number of axles of the train, wk is the weight carried by axle k, us0j(t) is the response
due to a moving load with a unit magnitude, yk0 is the position of the axle on the track at a reference time
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t = 0, and v is the train speed. In the frequency domain, this expression becomes:

ûsj(ω) = ûs0j(ω)

[
na∑
k=1

wk exp
(

+iω
yk0

v

)]
(4)

where the bracketed term depends on the distribution of the weight over the axles and the train speed v
and gives rise to the characteristic shape of the narrow band response spectrum [34, 7, 8].

Example 2.1: Quasi-static sleeper response.

The effect of quasi-static excitation is now illustrated for the computed response of the sleeper due to the
passage of an InterCity train at the site of Lincent next to the high speed line L2 Brussels-Köln. For more
details regarding the model and input parameters, the reader is referred to Lombaert and Degrande [115].
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Figure 2: Quasi-static contribution to the sleeper response due to the passage of an InterCity train at a
speed of 156 km/h: (a) time history and (b) narrow-band spectrum of the velocity during the passage of
the first axle of the locomotive and (c) time history and (d) narrow-band spectrum of the velocity during the
passage of the entire train.

Figures 2a and 2b show the time history and narrow-band spectrum of the sleeper velocity due to the
passage of the first axle of an InterCity train at a speed of 156 km/h, which is well below the lower limit of
the Rayleigh wave velocities in the soil. Due to the short duration of the quasi-static sleeper response for a
single axle (figure 2a), the passages of individual axles do not overlap in time and are still observed in the
time history response for the entire train (figure 2c). The InterCity train is in "pull mode" where the axles
of the locomotive that carry the largest weight come first. Comparison of the narrow-band spectra for a
single axle (figure 2b) and the full train (figure 2d) shows how the characteristic peaks and troughs appear
by multiplication with the bracketed term in equation (4).
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In the range of sub-critical train speeds, the narrow-band spectrum of the quasi-static contribution to the
free field response becomes increasingly concentrated at low frequencies with increasing distance from the
track. This is due to the characteristic bowl shape of the deflection field for each axle. At a larger distance
from the track, the arrival of a single axle is detected earlier and its passage lasts for a longer time. The time
scale over which the response rises and falls therefore increases with the distance from the track, implying
that its representation in the frequency domain gets more concentrated at lower frequencies. This is
fundamentally different from the reduction in the frequency at which the peak value of the transfer functions
is found, as the latter is due to energy dissipation characterized by the material damping ratio. Furthermore,
as the distance from the track increases, contributions from different axles and bogies coalesce and can
no longer be identified in the time history of the vibration response.

2.3 Dynamic excitation

The dynamic load component is determined by train-track interaction resulting from several excitation
mechanisms, such as wheel and track unevenness, impact excitation due to rail joints and wheel flats,
switches and crossings, and parametric excitation due to the spatial variation of support stiffness, e.g. due
to the discrete nature of sleeper support [176, 73, 101, 137]. In the following, wheel and track unevenness,
including impact excitation due to localized defects, are discussed first, as these excitation mechanisms
are at present the best understood and quantified. Parametric excitation, which has received less attention
in the context of ground-borne vibration, is considered next.

The following subsections describe the important excitation mechanisms, while a more detailed (mathe-
matical) description and numerical implementation will be discussed in section 4.

2.3.1 Wheel and track unevenness

In order to understand how parameters of the vehicle, track, and supporting soil affect the dynamic loads,
it is instructive to consider how these loads are computed from the combined wheel and track unevenness
[119, 7, 166].

In section 4, it will be derived how, in the particular case of a longitudinally invariant track and assuming
perfect contact between the train and the track, the dynamic axle loads ĝd(ω) can be computed in the
frequency domain as follows:[

Ĉt(ω) + Ĉv(ω)
]
ĝd(ω) = −ûw/r(ω) (5)

where ĝd(ω) and ûw/r(ω) are vectors that collect the dynamic axle loads and the unevenness experienced

at all axles. Ĉt(ω) is the track compliance matrix, evaluated in the frame of reference that moves with the
train, while Ĉv(ω) is the vehicle compliance matrix.

The geometrical irregularities considered here include broad-band unevenness of a random nature, typ-
ically modelled as a stationary random process characterized by its power spectral density (PSD) [143],
but can also represent localized irregularities such as rail joints giving rise to impact excitation. It will be
demonstrated in section 4 that, in the absence of wheel unevenness, all axles experience the same excita-
tion apart from a shift in time accounted for by a phase shift exp (iωyk0/v). When all train carriages have
similar characteristics and track unevenness is the dominant source of excitation, the resulting dynamic
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loads will also be similar and the narrow-band spectrum of the dynamic response contribution will have a
similar shape to that of the quasi-static response contribution.

Excitation at a frequency f = ω/(2π) is due to unevenness characterized by a wavenumber ky = 2πf/v
or wavelength λy = v/f . The spectral content of the unevenness ũrz(ky) in the wavenumber domain is
related as follows to the excitation ûw/r(ω) experienced by the k-th axle in the frequency domain:

ûw/r(ω) =
1

v
ũrz

(
−ω
v

)
exp

(
+iω

yk0

v

)
(6)

Table 1 shows that the relevant range of wavelengths for ground-borne vibration and noise extends from
several centimetres up to a hundred metres, depending on the train speed and the specific problem at
hand. The measurement bandwidth of track recording cars is usually restricted, however, to wavelengths
between a few metres and 20 to 30 m [48] and these data therefore need to be supplemented by data
obtained from other measurement devices such as trolleys. This is not trivial, as the unevenness measured
by a track recording car is the one experienced by the car that includes a load dependent contribution from
parametric excitation, and is therefore not a pure representation of imperfect track geometry.

Table 1: Relevant range of wavelengths λy for ground-borne vibration and noise as a function of the train
speed v.

Ground-borne vibration Ground-borne noise
Train speed/frequency 1 Hz 80 Hz 16 Hz 250 Hz
v = 72 km/h 20 m 0.25 m 1.25 m 0.08 m
v = 360 km/h 100 m 1.25 m 6.25 m 0.40 m

For wheel unevenness, a similar range of wavelengths is important, although the largest wavelength
present in the wheel roughness is equal to the wheel circumference. Recent measurements along the
conventional line Paris-Bordeaux have shown that the time history of the ground vibration velocity during
the passage of a freight train has a significantly more irregular character than for high speed trains and
passenger trains [118]. This suggests that wheel unevenness is more important in the case of freight
traffic, which in Europe has historically been characterised by cast-iron brake blocks.

Note that equation (5) does not allow account to be taken of large deflections or loss of contact, e.g. in
the presence of wheel flats [205]; this would require a non-linear model. Furthermore, it has been implicity
assumed that the track dynamic properties are translationally invariant in the longitudinal direction of the
track. This assumption is also acceptable for discretely supported ballasted tracks as the rail receptance at
a sleeper and in between two sleepers are similar in the low frequency range of interest for ground-borne
vibration [101, 205]. Equation (5) therefore provides a reasonable basis for investigating how vehicle-track
interaction affects the dynamic train loads.

Example 2.2: Dynamic response in the free field.

In order to illustrate the importance of the dynamic excitation due to track unevenness, the total calculated
response in the free field is now considered for the same passage of an InterCity train at the site in
Lincent. The dynamic response has been calculated considering the track unevenness measured by a
track recording car [115]. Figure 3a shows the time history of the free field velocity at 16 m from the track.
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In contrast to what was observed for the quasi-static contribution to the sleeper response in figure 2c, the
passage of individual axles can no longer be identified. Even when the dynamic response contribution was
not accounted for, this would be the case as at a larger distance from the track, the quasi-static response
contributions from different axles and bogies coalesce.
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Figure 3: Free field response at 16 m from the track due to the passage of an InterCity train at a speed
of 156 km/h: (a) time history and (b) one-third octave band spectra of the total response (solid line),
quasi-static (dashed line) and dynamic (dotted line) response contribution.

Figure 3b shows the one-third octave band spectra of the free field velocity at 16 m from the track. The
one-third octave band spectra are computed according to the German standard DIN 45672-2 [37] for a
reference period T2 which is here considered as the duration of the stationary part of the response. Com-
paring the one-third octave band spectra of the total response, and the quasi-static and dynamic response
contributions in figure 3b shows that the latter dominates the total response. A significant contribution of
the quasi-static excitation to the total response is in this case only found in the frequency range below 3
Hz.

The quasi-static contribution to the response generally remains important, however, in the immediate vicin-
ity of the track. No attempt can therefore be made to use an equation as û(r, ω) = Ĥ(r, ω)f̂(r, ω) for
estimating the dynamic loads f̂(r, ω) applied to the track from the response û(r, ω) measured close to
the track and transfer functions Ĥ(r, ω) between the track and the free field [181]. Furthermore, this also
implies that the estimation of insertion loss values from field tests requires measurements at a sufficiently
large distance from the track. The relative importance of quasi-static and dynamic excitation depends on
the train speed, the ratio of the static and dynamic axle loads, and the dynamic characteristics of the track
and the soil as indicated by Sheng et al. [166, 165], Auersch [8], Lombaert and Degrande [115], and
Triepaischajonsak et al. [181, 180].

2.3.2 Parametric excitation

Parametric excitation is another source of excitation that relates to the spatial variation of the support
stiffness. A first obvious source is the spatial variation of the dynamic track stiffness of a conventional
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ballasted track within one sleeper bay. A wheel running over the rail experiences the relatively small
spatial variation in stiffness and is excited at the sleeper-passing frequency v/d, with d the sleeper spacing
[7, 205, 180]. For conventional railway traffic, the sleeper-passing frequency is generally situated within the
relevant range for ground-borne vibration, whereas for high speed trains it is in the range for ground-borne
noise. For example at 80 km/h and a sleeper spacing of 0.6 m the sleeper-passing frequency occurs at 37
Hz whereas at 300 km/h it occurs at 139 Hz.

A second source of parametric excitation occurs at transition zones where the change in stiffness, e.g.
resulting from a transition from one type of track to another, will also excite the vehicle [58, 183]. The
length and suddenness of the transition zone will determine the frequency range of excitation.

Parametric excitation may also be caused by other less obvious variations in the stiffness of the track and
the subsoil. Experimental investigations have shown significant scatter in the sleeper support stiffness
[144] and the Young’s modulus and thickness of the ballast and subgrade layers [154]. Variations in
support stiffness from one sleeper to another and support stiffness variations on a larger spatial scale can
also lead to excitation of the vehicle and ground-borne vibration.

At present, the importance of this source of excitation is not fully understood, as track stiffness measure-
ments are not routinely performed by infrastructure managers and require specially designed measurement
cars such as the Rolling Stiffness Measurement Vehicle (RSMV) [11, 202]. One could argue that the dis-
tinction between geometric imperfections and support stiffness variations is unimportant to some extent
as both sources contribute to the unevenness measured by track recording cars. Using these data for a
similar type of carriage should therefore allow the dynamic vehicle loads to be predicted and the resulting
ground-borne vibration to be assessed. The distinction between geometric unevenness and parametric
excitation is very important, however, for determining the effectiveness of mitigation measures at the track,
e.g. resilient rail support systems [79], or track maintenance measures.
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3. RESPONSE TO MOVING LOADS

3.1 Introduction

This section explains how the displacement time history ui(x′, t) of a 3D medium due to a set of na time
varying axle loads gkj(t) can be computed from these axle loads and the transfer functions (or impulse
response functions) hij(x′,x, t− τ). Corresponding expressions in the frequency domain are also derived
using a forward Fourier transformation.

It is also explained how particular expressions can be derived for translationally invariant media (or 2.5D
media) with homogeneous geometry and material properties in the direction ey of the moving load (figure
4). This is accomplished by a complementary forward Fourier transformation of the longitudinal coordi-
nate y to the horizontal wavenumber ky, resulting in a solution in the wavenumber-frequency domain.
Inverse Fourier transformation allow closed-form expressions to be recovered in the spatial-frequency
and spatial-time domains. Very efficient semi-analytical and numerical models can be formulated in the
wavenumber-frequency domain, as will be discussed further in section 4; these include 2.5D finite element
(FE) formulations in combination with perfectly matched layers (PML) and 2.5D finite element - boundary
element (FE-BE) formulations.

PSfrag replaements

x

y

z

Figure 4: A longitudinally invariant track-soil domain.

In subsection 3.2, we derive the response of a 3D medium with arbitrary geometry and material prop-
erties, characterised by 3D transfer functions, to a sequence of axle loads moving at constant speed.
The response in both the spatial-time and the spatial-frequency domain is presented. In subsection 3.3,
we subsequently explain how these expressions can be simplified if it is assumed that the geometry and
material properties of the track and soil do not vary in the longitudinal direction along the track. The re-
sponse due to moving loads is presented in the spatial-time, wavenumber-frequency and spatial-frequency
domain. These expressions are used in subsection 3.4 to derive the response of a 2.5D medium in the
spatial-frequency domain due to static and dynamic axle loads. In subsection 3.5, the response in the
spatial-frequency domain is derived in a frame of reference that moves with the train, which will serve in
section 4 to derive the compliance of the track.

Although essential for a thorough understanding of how the response of 3D and 2.5D media, characterised
by their transfer functions, due to moving static and dynamic axle loads is efficiently computed, a reader
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may wish to skip these mathematical derivations upon first reading, and continue with section 4 and the
following, before having a more detailed read of this section.

3.2 Response of 3D media to moving axle loads

3.2.1 Response in the spatial-time domain

The response of a coupled track-soil system due to multiple moving axle loads is calculated by means
of a transfer function (impulse response function) hij(x′,x, t), that represents the response at a point x
in the direction ej at a time t due to an impulse load at a point x′ in the direction ei at the time t = 0.
The displacement ui(x′, t) due to an arbitary body load ρbj(x, t) is calculated by means of the dynamic
reciprocity theorem:

ui(x
′, t) =

∫ t

−∞

∫
Ω
hij(x

′,x, t− τ)ρbj(x, τ) dxdτ (7)

where Ω is the domain of the coupled track-soil system. Furthermore, it is assumed that the body load
ρbj(x, t) may act along three directions, so summation on the repeated index j is understood. In the
following, dynamic reciprocity is used to replace hij(x′,x, t− τ) by hji(x,x′, t− τ).

For na axle loads moving at a constant speed v in the direction ey, the body load ρbj(x, t) is equal to:

ρbj(x, t) =

na∑
k=1

δ(x− xk(t))gkj(t) (8)

where xk(t) = xk0 + vtey is the time-dependent position of the k-th load, xk0 is the position at the time
t = 0 and gkj(t) represents the time history of the j-th component of the k-th axle load. Axle loads are
assumed to be positive when their action on the track is in the positive coordinate direction (figure 4).

Introducing the moving axle loads (8) into equation (7), and taking into consideration the Dirac functions as
well as the dynamic reciprocity of the transfer function (hij(x′,x, t − τ) = hji(x,x

′, t − τ)), the response
due to the moving axle loads is calculated as follows:

ui(x, t) =

na∑
k=1

∫ t

−∞
hji(xk(τ),x, t− τ)gkj(τ)dτ (9)

where the prime on the receiver coordinate x is omitted. This expression is generally applicable, indepen-
dent of the complexity of the track-soil system. The coupling between the position xk(τ) of the k-th axle
and the time history of the load gkj(τ) through the time τ gives rise to the Doppler effect.

3.2.2 Response in the spatial-frequency domain

The response ûi(x, ω) in the frequency domain is calculated as the forward Fourier transform of the time
t to the circular frequency ω:

ûi(x, ω) =

∫ +∞

−∞
ui(x, t) exp (−iωt) dt (10)
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where the displacement ui(x, t) is equal to expression (9):

ûi(x, ω) =

∫ +∞

−∞

na∑
k=1

∫ t

−∞
hji(xk(τ),x, t− τ)gkj(τ) dτ exp (−iωt) dt (11)

The exponential term on the right hand side of this equation is replaced by exp [−iω(t− τ)] exp (−iωτ),
while the order of integration is changed:

ûi(x, ω) =

na∑
k=1

∫ t

−∞

[∫ +∞

−∞
hzj(xk(τ),x, t− τ) exp [−iω(t− τ)] dt

]
gkj(τ) exp (−iωτ) dτ (12)

The bracketed term represents the Fourier transform ĥji(xk(τ),x, ω) of the transfer function, so that the
Fourier transform ûi(x, ω) of the response finally becomes:

ûi(x, ω) =

na∑
k=1

∫ t

−∞
ĥji(xk(τ),x, ω)gkj(τ) exp (−iωτ) dτ (13)

In this expression, a general dependence of the axle loads gkj(τ) on the time τ is accounted for.

Due to the Doppler effect, this expression cannot be written in a simple form as ûi(x, ω) = ĥji(x, ω)ĝkj(ω)
unless the train is assumed to be at a fixed position, i.e. xk(τ) ≈ xk0, as for calculating the stationary part
of the vibration response [192].

Equations (9) and (13) are generally valid to compute the response of 3D media due to moving loads.
In the following subsection, we will further elaborate these equations for the particular case when the
geometry and material properties of the track-soil system are invariant in the direction ey, resulting in
efficient computation of the transfer function, the dynamic axle loads and the free field response. Similar
developments are possible for periodic media; however, the computational effort is generally higher than
required for invariant media. For the development of a vibration prediction model that is fast to run, we will
therefore prefer an invariant or 2.5D formulation.

3.3 Response of invariant media due to moving axle loads

3.3.1 Response in the spatial-time domain

In the particular case where the domain Ω is invariant with respect to the longitudinal direction ey (figure 4),
the transfer function only depends on the difference y − yk0 − vτ of the receiver and source coordinates,
and equation (9) simplifies to:

ui(x, t) =

na∑
k=1

∫ t

−∞
hji(xk0, zk0, x, y − yk0 − vτ, z, t− τ)gkj(τ) dτ (14)

In the following, the dependence of the displacement ui(x, t) on the receiver coordinates x and z and the
dependence of the transfer function hji(xk0, zk0, x, y − yk0 − vτ, z, t − τ) on the source coordinates xk0
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and zk0 and the receiver coordinates x and z will be omitted for brevity, so that equation (14) simplifies to:

ui(y, t) =

na∑
k=1

∫ t

−∞
hji(y − yk0 − vτ, t− τ)gkj(τ) dτ (15)

This solution procedure has been originally proposed by Aubry et al. [6] and Clouteau et al. [21] to study the
interaction of an infinite beam with a horizontally layered elastic halfspace in the wavenumber–frequency
domain.

3.3.2 Response in the wavenumber-frequency domain

Analogously to the derivation of equation (13), the frequency content ûi(y, ω) of the response is calculated
as the forward Fourier transform of the time t to the circular frequency ω:

ûi(y, ω) =

na∑
k=1

∫ t

−∞
ĥji(y − yk0 − vτ, ω)gkj(τ) exp (−iωτ) dτ (16)

The response ũi(ky, ω) in the wavenumber-frequency domain is obtained as the forward Fourier transform
of the coordinate y to the longitudinal wavenumber ky:

ũi(ky, ω) =

∫ +∞

−∞
ûi(y, ω) exp (+ikyy) dy (17)

where the displacement is equal to equation (16):

ũi(ky, ω) =

∫ +∞

−∞

na∑
k=1

∫ t

−∞
ĥji(y − yk0 − vτ, ω)gkj(τ) exp (−iωτ) dτ exp (+ikyy) dy (18)

Elaboration results in the following expression in the wavenumber-frequency domain:

ũi(ky, ω) =

na∑
k=1

h̃ji(ky, ω)ĝkj(ω − kyv) exp (+ikyyk0) (19)

This result shows that the response in the wavenumber-frequency domain is the product of the transfer
function and the frequency content of the load, provided that the latter is shifted by kyv. Müller and Huber
[130] were among the first to propose such a formulation to compute the response of a layered elastic
halfspace due to a moving load.

3.3.3 Response in the spatial-frequency domain

The response ûi(y, ω) in the frequency domain is obtained after evaluation of an inverse wavenumber
transform:

ûi(y, ω) =

na∑
k=1

1

2π

∫ +∞

−∞
h̃ji(ky, ω)ĝkj(ω − kyv) exp [−iky(y − yk0)] dky (20)
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This expression is particularly useful when the transfer function is available in the wavenumber-frequency
domain. An efficient evaluation of the inverse wavenumber transform is proposed by Lieb [113] and Grund-
mann et al. [65] based on an additional wavelet transform of the response in the wavenumber-frequency
domain. A change of variables according to ky = (ω− ω̃)/v moves the frequency shift from the frequency
content of the moving load to the wavenumber content of the transfer function:

ûi(y, ω) =

na∑
k=1

1

2πv

∫ +∞

−∞
h̃ji

(
ω − ω̃
v

, ω

)
ĝkj(ω̃) exp

[
−i
ω − ω̃
v

(y − yk0)

]
dω̃ (21)

The transfer function is evaluated at a wavenumber ky = (ω − ω̃)/v that couples the frequency ω̃ emitted
by the moving source to the frequency ω observed at the receiver. Due to the Doppler effect, a source at a
fixed frequency ω̃ contributes to the response in a frequency range [ω̃/(1+v/C), ω̃/(1−v/C)], determined
by the smallest phase velocity C of interest.

A single harmonic vertical point load with a time history g1j(t) = P1 exp (+iΩt)δzj and initial position y10,
moving with a speed v is now considered. The Fourier transformation of the time history g1j(t) is equal to
ĝ1j(ω) = 2πP1δ(ω − Ω)δzj . The displacement ûi(y, ω) in the frequency domain is equal to:

ûi(y, ω) =
1

2πv

∫ +∞

−∞
h̃ji

(
ω − ω̃
v

, ω

)
2πP1δ(ω̃ − Ω)δzj exp

[
−i
ω − ω̃
v

(y − y10)

]
dω̃ (22)

As the integrand includes the Dirac function δ(ω̃ − Ω), this expression reduces to:

ûi(y, ω) =
P1

v
h̃zi

(
ω − Ω

v
, ω

)
exp

[
−i
ω − Ω

v
(y − y10)

]
(23)

Equation (23) demonstrates that the displacement ûi(y, ω) in the frequency domain due to a moving har-
monic load oscillating at a frequency Ω is easily found by evaluating the transfer function at a wavenumber
ky = (ω − Ω)/v, which is a straight line in the wavenumber-frequency domain, and a frequency ω.

3.4 Response to a train passage

In the following, the response of the coupled track-soil system due to a train passage is calculated. A
distinction is made between the quasi-static and dynamic contribution to the response, based on a decom-
position of the time history gkj(t) of each axle load into a static component gskj and a dynamic component
gdkj(t):

gkj(t) = gskj + gdkj(t) (24)

3.4.1 Response to static axle loads

The static axle loads gskj follow from the distribution of the weight of each carriage over the axles and
dominates the track response as well as the free field response in the immediate vicinity of the track. The
static component gskj of the vertical axle loads is equal to wkδzj , where wk is the weight carried by axle k.
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Introducing the Fourier transform ĝskj = 2πwkδ(ω)δzj in equation (21) gives the quasi-static response:

ûi(y, ω) =

[
1

v
h̃zi

(ω
v
, ω
)

exp
(
−i
ω

v
y
)][ na∑

k=1

wk exp
(

+i
ω

v
yk0

)]
(25)

The first bracketed term on the right hand side is the response due to a moving unit axle load; the transfer
function is evaluated at a wavenumber ky = ω/v, which is a straight line in the wavenumber-frequency
domain, and a frequency ω. The second bracketed term represents a modulation of the response, deter-
mined by the distribution of the weight over the axles and by the train speed v [34, 7, 8]. This expression
is rewritten as follows:

û(y, ω) =
[wl
v
h̃zi

(ω
v
, ω
)

exp
(
−i
ω

v
(y − yl0)

)][ na∑
k=1

wk
wl

exp
(

+i
ω

v
(yk0 − yl0)

)]
(26)

where the first bracketed term on the right hand side now represents the response due to an (arbitrary)
axle l with weight wl and initial position yl0.

3.4.2 Response to dynamic axle loads

The dynamic axle loads gdkj(t) are determined by dynamic train-track interaction, resulting from a large
number of excitation mechanisms, such as the spatial variation of the support stiffness, the combined
wheel and track unevenness, impact excitation due to rail joints, wheel flats, switches and crossings, and
parametric excitation due to sleeper periodicity [176]. The dynamic axle loads are computed by means of
a compliance formulation in a moving frame of reference [21], as will be demonstrated in subsection 3.5.
The dynamic contribution to the track and free field response is found by introducing the Fourier transform
ĝdkj(ω) of the dynamic axle loads gdkj(t) in equation (20):

ûi(y, ω) =

na∑
k=1

1

2π

∫ +∞

−∞
h̃ji(ky, ω)ĝdkj(ω − kyv) exp [−iky(y − yk0)] dky (27)

According to equation (21), this can be reformulated as:

ûi(y, ω) =

na∑
k=1

1

2πv

∫ +∞

−∞
h̃ji

(
ω − ω̃
v

, ω

)
ĝdkj(ω̃) exp

[
−i
ω − ω̃
v

(y − yk0)

]
dω̃ (28)

3.5 Response in a moving frame of reference

As will be demonstrated in the following section, the dynamic component gdkj(t) of the axle loads is
determined by dynamic train-track interaction and computed by means of a compliance formulation in a
moving frame of reference [21]. This requires the calculation of the track response in a coordinate system
x̂ = {x, ŷ, z}T with ŷ = y − vt. The latter is derived from equation (20) by an additional inverse Fourier
transform with respect to ω and by replacing y by ŷ + vt on the right hand side:

ui(ŷ, t) =

na∑
k=1

1

2π

∫ +∞

−∞

1

2π

∫ +∞

−∞
h̃ji(ky, ω)gdkj(ω − kyv) exp [−iky(ŷ + vt− yk0)] dky exp(iωt) dω (29)
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A change of variables ω = ω̃ + kyv leads to the following expression:

ui(ŷ, t) =
1

2π

∫ +∞

−∞

na∑
k=1

[
1

2π

∫ +∞

−∞
h̃ji(ky, ω̃ + kyv) exp [−iky(ŷ − yk0)] dky

]
ĝdkj(ω̃) exp(iω̃t) dω̃ (30)

For each axle k, the response is obtained as the inverse Fourier transform with respect to ω̃ of the product
of the bracketed term and the frequency content ĝdkj(ω̃) of the moving load. Each column of the bracketed
term represents the response in a moving frame of reference due to an impulsive moving load located at
yk0 at the time t = 0.

3.6 Conclusion

In the previous subsections, we derived general expressions in the spatial-time and spatial-frequency
domain for the response of a 3D and 2.5D medium, that is characterized by its transfer function, to a
sequence of (static or dynamic) axle loads moving at constant speed. In the case of a 2.5D medium, a
complementary transformation to the wavenumber-frequency domain is made. In the following section, we
will detail how the transfer function of a track-soil system can be computed by means of semi-analytical
or numerical methods. Furthermore, it will be shown how the dynamic axle loads can be derived from the
vehicle and track compliance and the track unevenness.
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4. NUMERICAL MODELS

4.1 Introduction

This section is based on the keynote paper of Lombaert et al. [117] presented at IWRN11, the TRAFFIC
User’s Guide, [121], and journal papers by Lombaert and Degrande [115], Ntotsios et al. [140, 141] and
Thompson et al. [179].

During the past decades, a lot of effort was spent to the development of numerical models to predict
vibration in buildings due to trains running at grade and in tunnels, as well as to assess the performance
of vibration mitigation measures at the track, in the propagation path and at the buildings.

As explained in section 2, railway induced vibration is generated by quasi-static and dynamic axle loads.
The latter are due to wheel and rail unevenness, impacts due to rail joints and wheel flats, and parametric
excitation due to sleeper periodicity [176]. When moving axle loads are applied to the track, elastic waves
propagate in the soil and excite nearby buildings, resulting in vibration and re-radiated noise [162, 210, 3].

The prediction of ground-borne vibration in buildings is usually performed in a two-step procedure, where
the free field response due to a running train is calculated first and subsequently used for computing the
building response. The wavelength in the soil is usually assumed to be short compared to the track-building
distance, so that the dynamic axle loads are not affected by the presence of nearby buildings [29].

If the incident wave field in the soil is available, the response of a building can be computed using methods
that were developed for seismic analysis of structures. Dynamic soil-structure interaction can, for example,
be accounted for by means of a 3D coupled finite element - boundary element (FE-BE) model [151, 55,
197], taking into consideration the effect of the structure on the incoming wave field. When dynamic
soil-structure interaction is disregarded, classical structural dynamic analysis methods can be employed to
compute the response of a building due to imposed base motion [19]. Re-radiated noise in the building can
finally be evaluated by solving Helmholtz’ equation with imposed structural velocities along the boundaries,
assuming weak coupling between structural vibration and structure-borne noise [50, 51].

In the following, we will assume that the aforementioned methods to evaluate the building response are
available, so that our focus can be on the prediction of the free field response (or the incident wave field).
Furthermore, the discussion is limited to models that take into account dynamic excitation, as this is of
main interest for problems involving ground-borne vibration.

Numerical prediction models for railway induced ground vibration are generally obtained by coupling sub-
models for the train, the track, and the soil. The dynamic behaviour of the train is usually represented by
a relatively simple multi-body vehicle model whereas a much larger modelling and computational effort
is required for capturing the dynamic behaviour of the track and the soil. In order to obtain accurate
numerical prediction of ground-borne vibration, detailed information is needed regarding the parameters
that characterize the dynamic behaviour of these components as well as the excitation. Of particular
importance are the dynamic soil characteristics that must be derived indirectly from in situ geophysical
tests [119, 92]. Given the small amplitude of deformations in the soil, linear elastic behaviour is assumed.

The prediction of the incident wave field usually also consists of two steps. First, the train-track-soil in-
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teraction problem is solved in order to compute the dynamic axle loads. For example, this can be done
by means of equation (5) when assuming translational invariance of the problem geometry and a perfect
contact between the train and the track. Second, the dynamic axle loads are applied to the track and the
free field response is computed. When a set of transfer functions or impulse response functions H(x,x′, t)
is available that relates the response at a point x′ to the load at a point x on the track, this can be formally
written according to equation (9), which is repeated here for convenience (using vector-matrix notation in
stead of index notation):

u(x, t) =

na∑
k=1

∫ t

−∞
H(xk(τ),x, t− τ)gk(τ) dτ (31)

The transfer function H(x,x′, t) between the track and the free field determines how the load applied at a
position x on the track is transferred to the soil, to provide response at a point x′. The transfer is determined
by track-soil interaction, which will give rise to waves of the coupled system that propagate along the track.
The resulting load transfer could be compared with a combined filtering in the time and space domain.
Generally, a distribution of the load over a larger area, determined by the load spreading across the track
width and in the direction along the track, will result in a reduction in the high frequency vibration transmitted
to the free field. This is due to destructive interference of waves transmitted by different parts of the contact
area. An accurate prediction of the stress distribution at the track-soil interface is therefore essential for
predicting ground-borne vibration due to railway traffic, in particular when the wavelength in the soil is
comparable or smaller than the characteristic dimension of the stress distribution area [172].

Numerical models with different degrees of complexity have been developed for the prediction of vibration
due to trains running at grade and in tunnels; they range from (semi-)analytical models to 3D coupled finite
element-boundary element models (FE-BE), taking into consideration dynamic soil-structure interaction
at the source and receiver, as well as geometrical characteristics of the problem (e.g. 2.5D and periodic
models versus 3D models).

General purpose 3D finite element (FE) methods offer the largest flexibility in modelling, but require appro-
priate absorbing boundary conditions to avoid spurious reflections at the boundaries of the finite volume
of soil accounted for in the analysis [46, 45]. Local absorbing boundary conditions, infinite elements [208],
integral transform methods [131], and perfectly matched layers [56] have been used to account for Som-
merfeld’s radiation conditions. Alternatively, 3D coupled FE-BE methods can be used [58, 142]. The
versatility of 3D FE and 3D FE-BE models comes at a very high computational cost, however. Dedicated
models have therefore been developed that exploit the (assumed) regularity of the track and the underlying
soil.

When the track and the soil are regarded as translationally invariant, a Fourier transformation from the lon-
gitudinal coordinate y along the track to the wavenumber ky leads to an efficient solution in the wavenumber-
frequency domain [6, 57], as explained in detail in subsection 3.3. In this so-called 2.5D methodology, a
problem with 2D geometry is solved for each wavenumber ky and frequency ω to compute ũi(x, ky, z, ω)
according to equation (19). The 3D solution ûi(x, y, z, ω) is recovered by evaluation of an inverse Fourier
transformation of the wavenumber ky to the longitudinal coordinate y, according to equations (20) or (21).
Because of their high computational efficiency and relatively modest modelling effort, 2.5D methods have
been applied by a large number of researchers to study ground-borne vibration due to railway traffic at
grade, for example the research groups at ISVR [163, 164, 168, 169], TU Delft [127], NGI [124], NTU
[208], BAM [7], FEUP [24, 23], Chalmers University [97], and KU Leuven [119, 115], as well as for un-
derground railway traffic, for example at the University of Cambridge [54, 53, 83], NTU [209], TU Munich
[131], ISVR [167, 4, 140, 90, 141], and KU Leuven [57, 56, 81].
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Due to the assumed invariance in the longitudinal direction along the track, 2.5D models do not allow
account to be taken of periodicity as occurring e.g. in a ballasted track where the rails are discretely sup-
ported by sleepers. Therefore, the stress distribution under the sleepers is not entirely correctly predicted,
which is important at high frequencies when wavelengths in the track and soil are of the same order of
magnitude as the sleeper dimensions. For the same reason, 2.5D models cannot account for parametric
excitation, unless represented by an equivalent geometric unevenness [7], nor for segmented tunnel struc-
tures. In order to take into account the periodicity of the track or tunnel structure, a similar methodology
may be used which is based on the Floquet instead of the Fourier transform [20, 36, 33]. In this case, the
3D solution is obtained based on the discretization of a single periodic cell. Periodic FE-PML and FE-BE
models [67, 18] are more demanding from a computational point of view, however, and will therefore not
be used within the frame of SILVARSTAR.

Applications of invariant and periodic models include the design of mitigation measures at the source (rail
and under-sleeper pads, floating slab tracks) [82], in the transmission path (wave barriers, heavy masses
next to the track) [25, 178], and at the receiver (base isolation, tuned mass dampers) [175]. 2.5D coupled
FE-BE models were used by ISVR and KU Leuven in the FP7 project RIVAS to assess the efficiency of
vibration mitigation measures in the transmission path, such as jet grouting walls [28, 25, 177], sheet pile
walls [42], open trenches and soft-filled barriers [178], and heavy masses on the surface [41].

Still other types of model are required for the analysis of vibration generated by trains crossing transition
zones, switches and crossings [58, 148]. Limitations arising from the use of a linear translationally invariant
or periodic model for the track can be partially circumvented [92] by using a more detailed model for the
train and the track with a suitably chosen soil stiffness [137, 180, 139, 91] in the first step where the
dynamic vehicle loads are considered. The use of time domain FE analysis allows for the consideration of
non-linear components, e.g. rail pad behaviour, as well as loss of contact between the wheel and the rail
[139].

Numerical models have undoubtedly contributed to a better understanding of physical mechanisms in the
generation of ground-borne vibration, providing insight into results of field measurements and vibration
problems encountered in practice. In design, numerical models are particularly useful in situations where
a new building is to be built close to an existing track or tunnel or where a new railway line is to be
constructed close to existing buildings. They can be used to assess the environmental impact of new
railway lines or to develop and design mitigation measures aimed at reducing vibration nuisance to an
acceptable level.

There are also, however, important limitations in the use of numerical models which can be attributed to
model and parameter uncertainty. First, the simplifications introduced for modelling may be too restrictive
for the model to be useful. The geometry of the track and the soil may not be translationally invariant or
periodic, e.g. due to the presence of transition zones in the track, inclined soil layers or heterogeneities
in the soil. Hunt and his co-workers have recently assessed a number of simplifying assumptions in the
prediction of ground-borne vibration due to underground railway traffic. Deviations of up to 10 dB have
been found at particular locations and frequencies, when assuming horizontal soil stratification and disre-
garding the slightly inclined nature of soil layers [93], disregarding voids at the tunnel–soil interface [94]
or leaving out of consideration a neighbouring tunnel [108]. Second, even when situations are adequately
represented by simple model geometries, the model parameters are also subject to significant uncertainty.
For new-build situations, estimations will have to be made based on prior experience or engineering judge-
ment. In existing situations, measurements of track unevenness [115] or in situ tests for identification of
track and soil properties will not allow all model parameter uncertainty to be eliminated. Schevenels et al.
[160] have quantified the uncertainty in the prediction of ground vibration transmission that arises from the
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limited resolution of a Spectral Analysis of Surface Waves test. Hunt and Hussein [80] have shown that
deviations due to model parameter uncertainty are expected to be of the same order of magnitude as those
arising from model uncertainty. Although the importance of prediction uncertainty is generally recognized,
its quantification in the numerical prediction of ground-borne vibrations has seldom been addressed. This
is essential, however, in order to arrive at robust predictions as needed in engineering practice.

It can be concluded that, during the past decades, great advances have been made regarding the devel-
opment of numerical models for railway induced vibration due to trains running at grade and in tunnels. For
industrial applications, 2.5D models are particularly attractive as they offer realistic predictions at a reason-
able computational cost. Examples of such software tools developed at universities and research centres
are MOTIV (ISVR) [140, 141], TRAFFIC (KU Leuven) [121, 116, 119, 120, 115, 57], the Pipe-in-Pipe model
(University of Cambridge) [83, 84, 81, 85], and MEFISSTO (CSTB) [155, 197].

In the following, we will therefore explain in more detail the key components of 2.5D models: the compu-
tation of the transfer functions of the track-soil system, the estimation of the dynamic axle loads (based on
vehicle and track compliance, as well as track unevenness), and the computation of the free field response.
These will be essential components of the proposed vibration prediction tool in SILVARSTAR. Throughout
this section, we will illustrate the results using a case study based on the dynamic response of a ballasted
track analysed with the software tools MOTIV (ISVR) and GroundVIB (Vibratec).

4.2 Transfer functions of the coupled track-soil system

4.2.1 General formulation

The equations of motion of the coupled track-soil system are formulated in the wavenumber–frequency
domain by assembling the dynamic stiffness matrices (also called impedance matrices) of the track and
the layered subsoil. In a first step, these equations are solved for a vertical unit load at a fixed track position,
resulting in the response of the track and the interface between the track and the soil. In a second step,
the latter is used to compute the transfer functions from the excitation point on the track to a receiver in the
free field.

The track is assumed to be located at the surface of a horizontally layered halfspace, with a geometry that
is invariant in the longitudinal direction ey. This allows to perform a Fourier transformation of the coordinate
y to the wavenumber ky, resulting in the following equations of motion of the coupled track-soil system in
the wavenumber-frequency domain:[

K̃tr + K̃s
]
ũtr = f̃tr (32)

where K̃tr and K̃s represent the dynamic stiffness matrices of the track and the soil, respectively, while
ũtr is the track displacement vector and f̃tr is the force vector applied to the track. As introduced in section
3, a tilde above a variable denotes its representation in the wavenumber-frequency domain, so that the
arguments ky and ω can be omitted for all variables.

It is convenient to distinguish between the nt degrees of freedom of the track, collected in the displacement
vector ũt, and the ns degrees of freedom on the track-soil interface, collected in the displacement vector
ũs, and to split the dynamic stiffness matrices of the track and the soil in equation (32) accordingly:[

K̃tr
tt K̃tr

ts

K̃tr
st K̃tr

ss + K̃s
ss

]{
ũt

ũs

}
=

{
f̃t
0

}
(33)
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where the loading is only applied to degrees of freedom related to the track (super-)structure.

The solution procedure can be applied to continuously supported tracks, as well as to discretely supported
tracks, provided that equivalent characteristics of the discrete track are calculated. Knothe and Grassie
[101] have investigated the track receptance of a discretely supported track and show how the rail recep-
tance at a sleeper and between sleepers has a similar behaviour up to about 500 Hz. Knothe and Wu [102]
have compared the track receptance for a discretely supported track and a continuously supported track
and found similar results up to 600 Hz. Equivalent continuous track models therefore provide a reliable
prediction of the track receptance, but do not account for parametric excitation as the small spatial variation
of the support stiffness of the discretely supported track is disregarded.

In the following, we will first elaborate an expression for the track impedance matrix K̃tr, restricting the dis-
cussion to the case of a ballast track. A very similar procedure can be followed to formulate the impedance
matrix of a (floating) slab track [114, 121]. This is followed by the derivation of the soil impedance matrix
K̃s

ss by means of a boundary element or (equivalent) collocation formulation.

Particular attention is paid to formulations as implemented in the TRAFFIC toolbox (KU Leuven) [119] and
in the MOTIV software (ISVR) [163, 140, 141], since these are the state-of-the-art prediction models that
will be used in SILVARSTAR.

4.2.2 Track impedance matrix

The ballast track under consideration is represented by an equivalent continuous model (figure 5). The
origin of the Cartesian frame of reference is at the centre of the track-soil interface Σ, with the x−axis
pointing to the right and the z−axis pointing upwards. Analytical expressions are derived for the elements
of the track impedance matrix K̃tr.

PSfrag replacements lsl

l1 l2

ur1

kp cp

ur2

usl

βsl

kb cb us

βs

2b

rail

rail pad

sleeper

ballast

interface Σ

Figure 5: Cross section of a ballasted track model.
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The rails are modelled as Euler-Bernoulli beams with a bending stiffness ErIr and a mass ρrAr per unit
length. The rail displacements are denoted as ur1(y, t) and ur2(y, t). The positions of the rail are deter-
mined by l1 and l2.

The rail pads are modelled as continuous spring–damper connections. The stiffness krp and damping
coefficient crp of a single rail pad are used to calculate an equivalent stiffness per unit length krp = krp/d
and damping coefficient crp = crp/d in the continuous model, where d is the sleeper distance.

The sleepers are assumed to be rigid in the plane of the track cross-section, so that the vertical sleeper
displacements along the track are determined by the vertical displacement usl(y, t) at the centre of mass
of the sleeper and the rotation βsl(y, t) about this centre. The sleepers are assumed not to contribute to
the longitudinal stiffness of the track, and are modelled as a uniformly distributed mass msl = msl/d per
unit length along the track, where msl is the mass of an individual sleeper. The width 2b of the track-soil
interface is often taken equal to the sleeper length lsl.

If the ballast bed is assumed to act as a set of distributed, independent linear springs and dampers, each
sleeper is only supported by that part of the ballast that is in contact with the sleeper. For reasons of
stability, the sleeper is usually only supported under the rails, so that the vertical spring stiffness kb per
sleeper [N/m] is calculated from the effective support length esl per rail, the sleeper width bsl and the ballast
stiffness Kb [N/m3] as 2eslbslKb. The smeared ballast stiffness kb [N/m2] is equal to kb/d. When viscous
damping in the ballast bed is accounted for, the ballast impedance equals kb + iωcb. In a similar way,
the discrete support of the sleepers and the effective width determine the part of the ballast mass that is
coupled to the sleepers and the soil.

The software packages TRAFFIC and MOTIV use a similar model for the ballast track, but differ with
respect to the assumed kinematic conditions on the track-soil interface Σ in the track’s cross-section.

Implementation in the TRAFFIC toolbox. In the TRAFFIC software, rigid body kinematics are assumed
on the track-soil interface Σ in the plane of the track cross section, limiting the number of degrees of free-
dom on the track-soil interface to ns = 2. The vertical displacement usz(x, y, t) at the track-soil interface
is determined by the vertical displacement us(y, t) at the centre of the track-soil interface and the rotation
βs(y, t) about this centre:

usz(x, y, t) = us(y, t) + βs(y, t)x = φt(x)us(y, t) on Σ (34)

where φt(x) is the vector {1, x} that contains the rigid body displacement modes of track-soil interface,
while the vector us(y, t) contains the vertical displacement us(y, t) and the rotation βs(y, t), which can be
interpreted as generalized degrees of freedom.

In the wavenumber-frequency domain, and for the ballast track under consideration, the displacement
vector of the track (super-structure) ũt = {ũr1, ũr2, ũsl, β̃sl}T has nt = 4 degrees of freedom, while the
displacement vector of the track-soil interface ũs = {ũs, β̃s}T has ns = 2 degrees of freedom. The vector
f̃t contains the forces applied on both rails and is equal to {f̃r1, f̃r2, 0, 0}T.
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Consequently, the track impedance matrix K̃tr is of dimension (nt + ns)× (nt + ns) and detailed as:

K̃tr =



K̃r+K̃rp 0 −K̃rp −K̃rpx1 0 0

0 K̃r+K̃rp −K̃rp −K̃rpx2 0 0

−K̃rp −K̃rp 2K̃rp+K̃sl,b+K̃b−
mb
3
ω2 K̃rp(x1+x2) −K̃b−

mb
6
ω2 0

−K̃rpx1 −K̃rpx2 K̃rp(x1+x2) K̃sl,t+K̃rp(x21+x22) 0 − b2

3

(
K̃b+

mb
6
ω2
)

+ b2

3

(
K̃b−

mb
3
ω2
)

0 0 −K̃b−
mb
6
ω2 0 K̃b−

mb
3
ω2 0

0 0 0 − b2

3

(
K̃b+

mb
6
ω2
)

0 + b2

3

(
K̃b−

mb
3
ω2
)


(35)

where x1 and x2 are the coordinates of the rails, K̃r = ErIrk
4
y − ρrArω

2 denotes the rail impedance in

the wavenumber–frequency domain and K̃rp = krp + iωcrp is the dynamic stiffness of the rail pads. The
sleeper’s translational inertia term K̃sl,b and rotational inertia term K̃sl,t are calculated from the mass per
unit length msl as −mslω

2 and −b2mslω
2/3, respectively. The dynamic stiffness K̃b of the ballast in the

vertical direction is equal to kb + iωcb. The rotational impedance equals b2K̃b/3, assuming a uniform
support of the ballast along the width 2b of the interface.

Figure 6: Discretization of the stress field across the track-soil interface in MOTIV [140].

Implementation in the MOTIV software. The MOTIV software follows a similar approach where it is
assumed that the track exerts a vertical distributed load on the track-soil interface Σ in the plane of the
track’s cross-section (so relaxed boundary conditions are assumed). However, in order to allow for an
arbitrary distribution of displacements and tractions across the width of the track, the interface conditions
are discretised (figure 6). The discretisation introduces a finite sum of the normal tractions at the track-soil
interface Σ, which is divided in ns = 2b/∆ strips of equal width ∆. Across the interface, discrete values
xm = −b + ∆(2m − 1)/2 of the x-coordinate are selected, positioned at the middle of each strip m,
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where 1 ≤ m ≤ ns. Within each strip m the stresses are assumed to be constant, while displacement
compatibility is required along the lines x = xm.

In the wavenumber-frequency domain, and for the ballast track under consideration, the displacement
vector of the track (super-structure) ũt = {ũr1, ũr2, ũsl, β̃sl}T has nt = 4 degrees of freedom. The dis-
placement vector of the track-soil interface is equal to ũs = {ũs1, . . . , ũsns}T and contains ns vertical
degrees of freedom on the track-soil interface at positions x = xm. The track impedance matrix K̃tr is of
dimension (nt + ns)× (nt + ns) and equal to:

K̃tr =


K̃r+K̃rp 0 −K̃rp −K̃rpx1 0T

ns

0 K̃r+K̃rp −K̃rp −K̃rpx2 0T
ns

−K̃rp −K̃rp 2K̃rp+K̃sl,b+K̃b−
mb
3
ω2 K̃rp(x1+x2) − 1

ns

(
K̃b+

mb
6
ω2
)
1T
ns

−K̃rpx1 −K̃rpx2 K̃rp(x1+x2) K̃sl,t+K̃rp(x21+x22)−
1
ns

∑ns
m=1 K̃bxm|xm| 1

ns

(
K̃b−

mb
6
ω2
)
xT
ns

0ns 0ns − 1
ns

(
K̃b+

mb
6
ω2
)
1ns

1
ns

(
K̃b−

mb
6
ω2
)
xns

1
ns

(
K̃b−

mb
3
ω2
)
Ins

 (36)

where x1 and x2 are the coordinates of the rails and xns = {x1, . . . , xns}T is the vector that collects the ns

lateral discrete coordinates xm of each strip; 0ns and 1ns are vectors of ns elements formed of zeros and
ones, respectively, and Ins is the identity matrix of size ns × ns.

4.2.3 Soil impedance matrix

As natural soil deposits are often horizontally layered, it will be assumed that the soil can be represented by
a horizontally layered halfspace. Each layer is characterized by its thickness d, and five material properties:
the shear wave velocity Cs (or S-wave, secondary wave, rotational wave), the dilatational wave velocity
Cp (or P-wave, primary wave, compression wave), the hysteretic material damping ratio in shear and
dilatational deformation Ds and Dp, and the density ρ. The shear and dilatational wave velocity are equal
to:

Cs =

√
µ

ρ
; Cp =

√
λ+ 2µ

ρ
(37)

where the Lamé coefficients µ and λ are defined as follows in terms of Young’s modulus E and Poisson’s
ratio ν:

µ =
E

2(1 + ν)
; λ =

Eν

(1 + ν)(1− 2ν)
(38)

Relative motion and friction between grains in the solid skeleton or presence of moisture in the pores results
in energy dissipation or material damping. This can be accounted for in the frequency domain by means of
the correspondence principle where both Lamé coefficients are replaced by the following complex moduli:

µ? = µ(1 + 2Dsi) ; (λ+ 2µ)? = (λ+ 2µ)(1 + 2Dpi) (39)

where i is the imaginary unit. These complex Lamé coefficients in turn result in complex wave velocities
C?s and C?p.

In order to compute the impedance of the soil below the track, a boundary element or (equivalent) collo-
cation method can be used. The Green’s functions or fundamental solutions used in a boundary element
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formulation represent the displacement and traction tensors in the structure (here a layered halfspace) at
a receiver xR in a direction ej due to an impulsive load δ(t) applied at a source xS in a direction ej . In
the frequency domain, these Green’s functions will be denoted as ûG

ij(x
S,xR, ω) and t̂Gij(x

S,xR, ω). The
Green’s functions of a horizontally layered halfspace can be computed with a direct stiffness method or a
thin layer method, as developed by Kausel and Roësset [100, 99] and implemented, for example, in the
Elastodynamics Toolbox (EDT) [157] developed at KU Leuven.

Implementation in the TRAFFIC toolbox. In the TRAFFIC software, rigid body kinematics are assumed
on the track-soil interface Σ. A weak formulation of the vertical equilibrium at the track-soil interface Σ is
elaborated to calculate the elements of the 2× 2 soil impedance matrix K̃s

ss:

K̃s
ss =

[
K̃s

ss11 0

0 K̃s
ss22

]
(40)

with

K̃s
ssij(ky, ω) =

∫
Σ
φtit̃sz(ũsc(φtj)) dΓ (41)

where ũsc(φtj) is the scattered wave field in the soil due to an imposed displacement φtj at the track-
soil interface Σ in the wavenumber–frequency domain. t̃sz(ũsc(φtj)) is the vertical component of the soil
traction vector t̃s = σ̃sn on a boundary with unit outward normal n due to this scattered wave field ũsc(φtj).

A boundary element method is used to calculate the soil tractions t̃sz(ũsc(φtj)) at the track-soil interface Σ,
assuming that the track is located at the soil’s surface [116, 6]. The boundary element formulation is based
on the boundary integral equations in the wavenumber-frequency domain, using the Green’s functions of
a horizontally layered soil [122, 32, 100, 99].

Implementation in the MOTIV software. An alternative but equivalent approach is applied in the MOTIV
software, where the vector ũs = {ũs1, . . . , ũsns}T collects the vertical displacements on the track-soil
interface Σ along the lines x = xm (m = 1, . . . , ns). The vertical displacement ũsm(xm, ky, ω) of a point
on the ground at position xm can be calculated as the superposition of the displacements due to the
excitation f̃sj(xj , ky, ω) at each strip with centre at x = xj (j = 1, . . . , ns):

ũs(xm, ky, ω) =

ns∑
j=1

h̃ss(xjm, ky, ω)f̃sj(xj , ky, ω) (42)

where h̃ss(xjm, ky, ω) is the response at line m with coordinate xm, due to an impulse load δ(t) at a strip
j with centre at x = xj and width ∆, where xjm = xj − xm .

The transfer function of the ground surface (z = 0) due to a strip load of width ∆ and constant amplitude
1/∆, distributed symmetrically about x = 0, can be calculated by weighting the displacement Green’s

function ˜̃uG
zz(kx, ky, z, ω) of the (layered) soil by the factor sin (kx∆)

∆/2 corresponding to the transformation of
the uniform strip load to the wavenumber domain. For the m-th strip, due to symmetry in the kx domain,
the transfer function is given by:

h̃ss(xjm, ky, ω) =
1

2π

∫ ∞
0

˜̃uG
zz(kx, ky, 0, ω)

sin (kx∆)

∆/2
cos (kxxjm)dkx. (43)
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The Green’s function ˜̃uG
zz(kx, ky, z, ω) is the representation in the (double) wavenumber–frequency domain

of the displacement Green’s function uG
zz(x, y, z, t) of the soil. The latter represents the displacement in

the vertical direction ez at a time t at a point {x, y, z}T due to an impulse load δ(t) in the vertical direction
ez at the origin of the frame of reference.

The resulting system of equations for all strips can be written in matrix form as:

ũs = H̃ssf̃s (44)

where f̃s contains the forces (tractions) at the track-soil interface Σ and is equal to {f̃s1, . . . , f̃sns}T and
H̃ss is an ns × ns compliance matrix, detailed as:

H̃ss =


h̃ss(0, ky, ω) h̃ss(∆, ky, ω) . . . h̃ss((ns − 1)∆, ky, ω)

h̃ss(∆, ky, ω) h̃ss(0, ky, ω) . . . h̃ss((ns − 2)∆, ky, ω)
...

...
. . .

...
h̃ss((ns − 1)∆, ky, ω) h̃ss((ns − 2)∆, ky, ω) . . . h̃ss(0, ky, ω)

 . (45)

The equilibrium equation of the track-soil system is now written as:[
K̃tr

tt K̃tr
ts

K̃tr
st K̃tr

ss

]{
ũt

ũs

}
=

{
f̃t
−f̃s

}
(46)

with −f̃s the (unknown) reaction forces on the track along the track-soil interface Σ.

Equation (46) can be solved in two ways. Introduction of equation (44) into the equilibrium equation (46)
results in:[

K̃tr
tt K̃tr

ts

K̃tr
st K̃tr

ss

]{
ũt

H̃ssf̃s

}
=

{
f̃t
−f̃s

}
(47)

This equation can be re-arranged as follows:([
K̃tr

tt K̃tr
ts

K̃tr
st K̃tr

ss

] [
Itt 0

0 H̃ss

]
+

[
0 0
0 Iss

]){
ũt

f̃s

}
=

{
f̃t
0

}
(48)

where Itt and Iss are identity matrices of order nt and ns, respectively, and 0 represents a square or
rectangular zero matrix (or vector) of appropriate dimensions.

An alternative way to solve equation (46) would be to rewrite equation (44) as:

f̃s = H̃−1
ss ũs = K̃s

ssũs (49)

where K̃s
ss is the soil impedance matrix. Introduction of equation (49) into equation (46) then results in an

equilibrium equation of the same form as equation (33).
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4.2.4 Track-soil transfer functions

The dynamic reciprocity theorem is finally used for the calculation of the transfer function h̃zi(x, ky, z, ω)
between the track and the soil:

h̃zi(x, ky, z, ω) =

∫
Σ
ũG
zi(x− x′, ky, z, ω)t̃sz(x

′, ky, z
′ = 0, ω) dΓ (50)

The transfer function h̃zi(x, ky, z, ω) is the representation in the wavenumber–frequency domain of the
transfer function hzi(x, y, z, t), which gives the displacement at a point {x, y, z}T in the free field in the
direction ei, due to an impulse load δ(t) applied on the track in the vertical direction ez. The Green’s
function ũG

zi(x, ky, z, ω) in equation (50) is the representation in the wavenumber–frequency domain of
the displacement Green’s function uG

zi(x, y, z, t) or fundamental solution of the layered soil. The latter
represents the displacement in the direction ei at a time t in a point {x, y, z}T due to an impulse load δ(t)
in the vertical direction ez at the origin of the frame of reference. Note that the traction Green’s function
does not appear in the present application of the representation theorem (50) since the track is located at
the surface of the layered halfspace where tractions are zero.

Implementation in the TRAFFIC software. The solution of the track-soil interaction equation (32) pro-
vides the soil displacements ũs = {ũs, β̃s}T at the track-soil interface Σ, which allows the soil tractions
t̃sz(x, ky, z = 0, ω) to be computed at this interface:

t̃sz(x, ky, z = 0, ω) = t̃sz(usc(φt))ũs (51)

where t̃sz(usc(φt)) contains the vertical component of the soil tractions due to the scattered wave fields
in the soil. The tractions t̃sz(x, ky, z = 0, ω) are subsequently used to evaluate the transfer functions
between the track and the soil according to equation (50).

Implementation in the MOTIV software. The solution of the system of equations (48) gives the tractions
at the track-soil interface Σ, which are subsequently used in equation (50) to evaluate the transfer functions
between the track and the soil.

Example 4.1: Track receptance and transfer functions in the free field for a ballasted track

In this example, the track receptance and the transfer functions between the track and the free field are
illustrated for the case of a typical ballasted track on top of a homogeneous ground. The properties of the
ballasted track model are listed in table 9 of Appendix A.1. The elastic halfspace model used to represent
the soil is defined in terms of its shear and dilatational wave velocity, together with its density and hysteretic
material damping ratios in shear and dilatational deformation, as described in Section 4.2.3. The values
used in the current example are given in table 10 of Appendix A.1 for the case of stiff soil. The calculations
are performed with the MOTIV and the GroundVIB models and the results are compared. A second track
case with softer rail pads is also included for the simulations in this example. For that, the rail pad stiffness
krp is assumed equal to 30 MN/m with a damping loss factor ηrp = 0.25.

In the GroundVib model, a weak coupling approach between the track and the soil is used. The track-
soil interaction forces are first estimated using a track model on a rigid base. The rails are modelled
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as Timoshenko beams and supported by a two-layer spring-mass system, representing the rail pads,
sleepers, under sleeper pads and/or ballast. The soil transfer functions are subsequently calculated with
a 2.5D soil model. The latter are then used together with the interaction forces to compute the free field
response. Hence, there are two approximations compared to MOTIV: the track receptance is computed
without taking into consideration the flexibility of the soil and the coupling between the track and the soil is
performed in the spatial rather than the wavenumber domain. More detailed information on the GroundVIB
model is given in subsection 6.7.

(a) (b)

Figure 7: Track receptances for the ballasted track with grooved rail pads (black lines) and with soft pads
(grey lines): (a) rail driving point receptance and (b) sleeper receptance.

Figure 7 shows the modulus of the track receptance for the rail and the sleeper, where it is understood that
sleeper receptance here refers to the displacement of the sleeper due to a unit force applied on the rails (0.5
N on each rail). It can be seen that for the rail receptances, the results obtained from the implementation
using the MOTIV model and those from the GroundVIB model are in good agreement for frequencies
below about 80 Hz. For frequencies above 80 Hz, the receptances calculated with the GroundVIB model
show higher magnitude than those from the MOTIV model; this is due to the rigid ground assumption
used in the GroundVIB model. For the same reason, for frequencies below about 80 Hz, the sleeper
transfer receptance magnitudes calculated using the MOTIV model are higher than those calculated with
the GroundVIB model.

Figure 8 shows the modulus of the ground transfer function at different distances from the track centre line.
Comparing the results from the two models, a good agreement is achieved for frequencies below about 50
Hz. In GroundVIB, the rigid ground assumption in the track model results in higher forces transmitted from
the track to the soil; this results in higher response in the soil. The dip in the transfer receptances for the
MOTIV system around 105 Hz is caused by the width of the track load applied by the track on the ground,
that is 2b = 3.6 m for this track. At this frequency, this distance corresponds to the Rayleigh wavelength
for this type of ground.
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(a) (b)

(c) (d)

Figure 8: Ground transfer functions for the ballasted track with grooved rail pads (black lines) and with soft
pads (grey lines): (a) 4 m, (b) 8 m, (c) 15 m, and (d) 20 m from the track centre line.

4.2.5 Alternative formulations

Figure 9: 2.5D FE-BE model of a ballast track on an embankment [61].

In an alternative approach, instead of an analytical track model, a 2.5D FE-BE or a 2.5D FE-PML model
of the track and the soil can be used. This is accomplished using a 2D FE mesh for the track cross
section, with the third dimension along the track represented by a wavenumber spectrum using a Fourier
transform. This technique is particularly useful for cases where the track is located on a high embankment
[168, 58, 57, 61] or in a cutting [61, 62], and for trains in tunnels [169, 90] where the track-embankment,
cutting, or track-tunnel structure can be modelled in detail with finite elements. As an example, figure
9 shows a 2.5D model where a ballast track on an embankment is modelled with finite elements and
coupled to a 2.5D boundary element mesh along the interface with a layered soil [61]; the nodes of the
BE mesh are indicated with circles. Figure 10 shows a 2.5 FE-BE model of a ballast track with subgrade

Deliverable D1.1 Page 43 of 135 25/05/2021



Grant Agreement
No. 101015442

PSfrag replaements

he

hs

Figure 10: 2.5D FE-BE model of a ballast track with subgrade stiffening in a cutting [62].

Figure 11: 2.5D FE-PML model of a floating slab track on a layer of gravel and crushed rock, embedded in
a layered soil on bedrock [153]. The left boundary is an axis of symmetry, while Perfectly Matched Layers
are included on the right hand side.

stiffening in a cutting [62], embedded in a layered halfspace; the 2.5D BE mesh is no longer located on the
surface, necessitating the computation of displacement and traction Green’s functions for source-receiver
combinations at different depths. Finally figure 11 shows a 2.5D FE-PML model of a floating slab track on
a layer of gravel and crushed rock, embedded in a layered soil supported by bedrock [153]. In this case,
finite elements are used to discretize the cross section, while Perfectly Matched Layers are introduced
along the right-hand boundary to allow for wave propagation without spurious reflection. In all of these
examples, the versatility of modelling comes at a higher computational cost due to the computational effort
needed to set up and solve the 2.5D FE-BE or 2.5D FE-PML equations.

4.3 The train-track interaction problem

4.3.1 Dynamic axle loads

In this subsection, we will explain how the dynamic axle loads are computed from the combined wheel and
track unevenness [119, 7, 166]. This will reveal how the parameters of the vehicle, track, and supporting
soil affect the dynamic loads.

The calculation of the dynamic component gdk(t) of the axle loads is based on the assumption of a perfect
contact between the train and the track. For each wheelset k, this requires the continuity of displacements
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at the contact point between the wheelset and the track:

uck(t) = utk(t) + uw/rk(t) (52)

where uck(t) is the displacement of axle k and utk(t) is the track displacement at the moving contact point
between the k-th wheelset and the rail. An irregular wheel or track geometry is accounted for in the term
uw/rk(t) that represents the combined wheel and rail unevenness perceived by axle k. Here, the deflection
of the contact spring is included within the wheelset displacement.

When it is assumed that the wheels are perfectly smooth and only vertical track unevenness urz(y) is
accounted for, uw/rk(t) becomes:

uw/rk(t) = urz(yk0 + vt)ez (53)

and all axles experience the same excitation, apart from a time delay.

Equation (52) is now formulated in the frequency domain as follows:

ûck(ω) = ûtk(ω) + ûw/rk(ω) (54)

The displacement ûck(ω) of axle k and the track displacement ûtk(ω) are written in terms of the dynamic
axle loads ĝdk(ω).

In subsection 4.3.2, it will be shown how, in the particular case of a longitudinally invariant track, the track
displacements at the contact points can be computed as follows from the dynamic axle loads:

ût(ω) = Ĉt(ω)ĝd(ω) (55)

where ût(ω) and ĝd(ω) are 3na × 1 vectors that collect the track displacements at all axles and the
dynamic axle loads, while Ĉt(ω) is the 3na× 3na track compliance matrix (which is equal to the inverse of
the dynamic stiffness matrix).

A mechanical model of the train is used to calculate the vehicle compliance matrix Ĉv(ω):

ûc(ω) = −Ĉv(ω)ĝd(ω) (56)

where ûc(ω) is a 3na × 1 vector that collects the displacements of the contact points between the wheels
and the rails. The signs in equations (55) and (56) are different due to the convention that axle loads are
positive when their action on the track is in the positive coordinate direction and on the wheelset in the
negative coordinate direction. Expressions for the vehicle compliance matrix will be given in subsection
4.3.3.

Introducing equations (55) and (56) in equation (54) leads to the following system of equations for the
dynamic axle loads ĝd(ω):[

Ĉt(ω) + Ĉv(ω)
]
ĝd(ω) = −ûw/r(ω) (57)

where ûw/r(ω) is 3na × 1 vector that collects the unevenness ûw/rk(ω) at all axles. The representation of

the track unevenness will be discussed in more detail in subsection 4.3.4. The inverse [Ĉt(ω) + Ĉv(ω)]−1
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of the combined track and vehicle compliance matrix can be considered as the dynamic stiffness matrix of
the coupled vehicle-track system.

Disregarding wheel unevenness for the moment and assuming that vertical rail unevenness dominates,
the term ûw/r(ω) on the right hand side of equation (57) can be further elaborated as:

ûw/r(ω) =
1

v
ũrz

(
−ω
v

)
T̂(ω) (58)

where ũrz(ky) is the wavenumber transform of the rail unevenness urz(y) and T̂(ω) is a 3na × 1 vector
that collects the phase shift for each axle:

T̂(ω) =
{
. . . , 0, exp

(
+iω

yk0

v

)
, 0, . . .

}T
(59)

where yk0 is the initial position of axle k and v is the train speed.

Similar expressions as equation (57) are given by Sheng et al. [166] and Auersch [7], who couples a finite
element model for a finite part of the track to a boundary element model for the soil. Grundmann and Lenz
[64] present an alternative solution that allows for the coupling of a non-linear single degree of freedom
system to the track.

In the following subsections, each of these terms in equation (57) will be elaborated in more detail.

4.3.2 Track compliance matrix

In order to determine the elements of the track compliance matrix Ĉt(ω), we reconsider equation (30) to
write the track displacement ûtl(ω) at the contact point between the l−th axle and the rail in the frame of
reference that moves with the train speed v:

ûtl(ω) =

na∑
k=1

[
1

2π

∫ +∞

−∞
H̃T(ky, ω + kyv) exp [−iky(yl0 − yk0)] dky

]
ĝdk(ω) (60)

The bracketed term is the 3× 3 matrix Ĉt
lk(ω) that relates the track displacement at axle l to the dynamic

load at axle k. These matrices are collected into the 3na × 3na track compliance matrix Ĉt(ω) that links
the vector ût(ω) with the track displacements at all axles to the vector ĝd(ω) with dynamic loads:

ût(ω) = +Ĉt(ω)ĝd(ω) (61)

Implementation in the TRAFFIC software. In the TRAFFIC software, the compliance matrix Ĉt(ω) of
the track is computed following the procedure outlined in the previous paragraph.

Implementation in the MOTIV software. In the MOTIV software, only the vertical interaction forces are
considered and only the vertical dynamics of the track are included. Thus, the compliance matrix Ĉt(ω)
of the track is of size na × na when the dynamic loads on the two rails are considered symmetrical and
of size 2na × 2na when the two rails experience different dynamic loading. The elements of the track
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compliance matrix Ĉt(ω) are calculated from the solution of equation (48) considering a loading vector
f̃s that comprises only a unit axle load on the rails and is solved in the moving frame of reference at
frequencies ω + kyv.

Example 4.2: Compliance of a ballasted track

The vertical track compliance of a ballasted track in a moving frame of reference is calculated in this
example using the MOTIV model. The track is the same ballasted track used in example 4.1 with properties
given in table 9 of Appendix A.1. The results are given for different soil types (table 10 of Appendix A.1)
and for different load speeds, 150 km/h and 300 km/h.

(a) (b)

Figure 12: Track compliance for the ballasted track supported by soft, medium and stiff soil in the moving
frame of reference at (a) 150 km/h and (b) 300 km/h.

Figure 12 shows the modulus of the rail compliance in the frequency range from 1 Hz to 125 Hz. For the
medium and stiff soil cases, there is almost no difference between the results for the two load speeds.
Also, by comparing the rail compliance in the moving frame of reference for the stiff soil with the rail
receptance calculated in example 4.1 and shown in figure 7, no differences can be seen. From this it can
be understood that for these soil types the current load speeds do not affect the response of the rail.

For the soft soil, however, the increase of the speed from 150 km/h to 300 km/h results in a higher rail
compliance at the very low frequencies. This is due to the fact that the load speed of 300 km/h (83.3 m/s)
is relatively close to the critical wave speed for the specific soil case (about 92 m/s), resulting in high levels
of track and soil vibration.

4.3.3 Vehicle compliance matrix

For the estimation of the dynamic axle loads, the vehicle is usually modelled as a multi-degree of freedom
system, where the vehicles’ car body, bogies and wheelsets are considered as rigid parts (characterized
by their mass and mass moment of inertia), while the vehicle’s primary and secondary suspensions are
represented by spring and damper elements.

Figure 13 shows an example of a two-dimensional 10-DOF vehicle model consisting of the vehicle body,
two bogies, four axles, as well as primary and secondary suspensions. The degrees of freedom of this
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Figure 13: A 10-DOF vehicle model with primary and secondary suspensions.

model are the vertical displacement uc and rotation βc of the car body, the vertical displacements ub1 and
ub2 and rotations βb1 and βb2 of the bogies, and the vertical displacements uak (k = 1, . . . , 4) of the four
axles. The model is characterized by the mass mc and the pitching moment of inertia Jcx of the car body,
the mass mb and the pitching moment of inertia Jbx of the bogies (assumed equal here), the mass ma of
the wheelset, the stiffness kp and viscous damping cp of the primary suspension and the stiffness ks and
viscous damping cs of the secondary suspension.

Depending on the application, this model can be further simplified to a 4-DOF model, a 2-DOF model with
an unsprung and sprung wheel mass, or even a single-degree-of-freedom (1-DOF) model consisting only
of an unsprung wheel mass, as shown in figure 14.

Alternatively, more complex vehicle models, such as a 16-DOF model that incorporates rolling around the
longitudinal axis, can be developed so that different wheel loads can be applied on the left and right rail.
Flexible bodies could also be included. Such more complicated models will not be used in SILVARSTAR,
however.

Figure 14: (a) 4-DOF vehicle model with primary and secondary suspensions; (b) 2-DOF vehicle model
with primary suspensions; (c) 1-DOF vehicle model (unsprung mass).

The vehicle’s equation of motion can be written in the following general form in the frame of reference that
moves with the train, distinguishing between the displacements ûb of the car body and the bogies, ûa of
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the axles and ûc at the vehicle-track contact points: Sbb Sba 0
Sab Saa + SH

aa −SH
aa

0 −SH
aa +SH

aa


ûb

ûa

ûc

 =


0
0
−ĝd

 (62)

where S represents a dynamic stiffness matrix, represented here as a block matrix differentiating between
the degrees of freedom a and b. SH

aa is the dynamic stiffness matrix that corresponds to the Hertzian
contact springs between the wheels and the rails [165]. In the frequency range of interest for ground-borne
vibration, the contact stiffness is relatively high compared to the track and vehicle stiffness, so that the
corresponding flexibility can generally be disregarded.

The solution of these equations of motion allows the vehicle’s compliance matrix Ĉv(ω), that relates the
contact displacements ûc(ω) to the vehicle-track interaction forces ĝd(ω), to be computed as follows:

ûc(ω) = −Ĉv(ω)ĝd(ω) (63)

Each element Ĉv
kl(ω) of the vehicle’s compliance matrix represents the displacements at the contact point

k due to a unit harmonic load at the contact point l. As the equations of motion have been derived in the
frame of reference that moves with the train, these elements obviously do not depend on the train speed.

The reader is referred to the literature for detailed expressions of the vehicle’s compliance matrix in each
of these cases [60].

Example 4.3: Vehicle compliance

The vehicle compliance of three vehicle models is presented in this example. The vehicle models under
consideration are the 10-DOF model shown in figure 13 and the 4-DOF and 1-DOF model shown in figures
14(a) and 14(c), respectively. The vehicle properties are given in table 8 of Appendix A.1.

Figure 15: Wheelset compliance for the 10-DOF, 4-DOF and 1-DOF vehicles and compliance of the bal-
lasted track on medium soil in a moving frame of reference at 150 km/h.

Figure 15 shows the amplitude of the wheelset compliance for the three vehicle models. For frequencies
above about 10 Hz, only the unsprung mass of the vehicle affects the dynamic response of the wheelsets,
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and the wheelset compliance of the three vehicle models is identical. Below 10 Hz, the differences found
in the wheelset compliance are due to the different levels of modelling detail of the car, bogies and vehicle
suspensions.

In figure 15, the track compliance in a moving frame of reference at 150 km/h is also shown for the case
of the medium soil (cf. figure 12). The wheelset and track compliance magnitudes are equal at around 87
Hz, which is identified as the P2 resonance where the combined wheelset and rail mass is bouncing on
the track stiffness.

Example 4.4: Dynamic axle loads for an unsprung mass model

Simplifying equation (57) for a single axle allows effects from vehicle-track interaction to be highlighted.
If the train speed is relatively low, the corresponding track compliance in a moving frame of reference is
approximately equal to the track receptance, and can roughly be represented as the inverse 1/kt of the
track stiffness when its imaginary part and frequency dependence are disregarded (cf. example 4.2 and
figure 12). At frequencies of more than a few Hertz [101], the vehicle’s primary and secondary suspension
isolate the body and the bogie from the wheelset. At sufficiently high frequencies (above approximately
10 Hz), the vehicle’s unsprung mass Mu is therefore the only component that affects the vertical dynamic
loads and can be represented as a rigid body [101]. In this case, the compliance of a single axle be-
comes −1/(Muω

2). Introducing both expressions in equation (57) leads to the following expression for the
dynamic load k:

ĝd(ω) = −
[
ktMuω

2

kt −Muω2

]
ûkw/r(ω) (64)

The denominator on the right hand side of equation (64) becomes zero at the frequency ω =
√
kt/Mu

where "resonance" of the unsprung mass on the track stiffness (sometimes denoted as the P2 resonance)
occurs. At this frequency, the narrow-band spectrum of the dynamic axle load ĝd(ω) displays a resonance
peak. The peak is strongly damped in reality as the track stiffness has a significant imaginary part which
is mainly due to radiation damping.

4.3.4 Track unevenness

Random track unevenness urz(y) is modelled as a stationary Gaussian random process characterized by
its one-sided power spectral density (PSD) function S̃rzz(ky) [m2/(rad/m)] [143]. The spectral represen-
tation theorem [171, 170] is used to generate samples urz(y) of track unevenness as a superposition of
harmonic functions with random phase angles:

urz(y) =
n∑

m=1

√
2S̃rzz(kym)∆ky cos(kymy − θm) (65)

where kym = m∆ky is the wavenumber sampling, ∆ky the wavenumber spacing and θm are independent
random phase angles uniformly distributed in the interval [0, 2π]. Each harmonic in equation (65) is inde-
pendent, which is justified by the hypothesis that unevenness of different wavenumbers is due to different
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causes [166]. The correctness of this assumption can be questioned, however, when the wavenumber
spacing ∆ky becomes very small. The samples have a period Y = 2π/∆ky and are asymptotically Gaus-
sian as n tends to infinity and ∆ky tends to zero for a fixed value of kmax

y = n∆ky. The second term on
the right-hand side of equation (58) becomes:

1

v
ũrz

(
−ω
v

)
=

n∑
m=1

−1√
v

√
2S̃rzz

(
|ωm|
v

)
∆ωm

[
πδ(ω − ωm)e+iθm + πδ(ω + ωm)e−iθm

]
(66)

where ∆ωm = v∆ky and ωm = −vkym. For different samples of unevenness, the harmonic functions
have the same modulus, but a different random phase.

The influence of the train speed v on the modulus of the perceived unevenness can easily be quantified
when the PSD S̃rzz(ky) is proportional to k−ny in the relevant range of wavelengths. For trains running at
speeds between 150 km/h and 330 km/h and a frequency range between 1 Hz and 150 Hz, this range of
wavelengths is situated between 0.3 m and 100 m. When the PSD S̃rzz(ky) is proportional to k−ny with

n > 1, S̃rzz(|ωm|/v) increases with the speed v as vn for a fixed sampling in the frequency domain. The
modulus of the perceived unevenness in equation (66) therefore increases as v0.5(n−1). In many cases,
however, the dependence of the PSD on the wavenumber is more complex and the influence of the vehicle
speed is less straightforward.

Formulation in the TRAFFIC software. The system of equations (57) is further elaborated by means of
equations (58), (59) and (66):

ĝd(ω) = −
[
Ĉt(ω) + Ĉv(ω)

]−1
T̂(ω)

n∑
m=1

−1√
v

√
2S̃rzz

(
|ωm|
v

)
∆ωm

×
[
πδ(ω − ωm)e+iθm + πδ(ω + ωm)e−iθm

]
(67)

An inverse Fourier transform of this equation shows that the time history of each axle load is a super-
position of harmonic functions. For different realisations of the track unevenness according to equation
(66), different values are obtained for the random phase angles θm, while the amplitude of the harmonic
functions remains the same.

Formulation in the MOTIV software. In an alternative but equivalent approach, the influence of the
characterized track unevenness can be postponed until after calculating the response due to dynamic ex-
citation (see section 4.4.2). In MOTIV, the system of equations in (57) is solved considering unit amplitude
track unevenness ûw/r(ω) for each harmonic excitation frequency ωm. In practice, the dynamic axle loads
ĝd(ωm) due to unit track unevenness are calculated by omitting the summation term on the right hand side
of equation (67).

Example 4.5: PSD functions for track unevenness

The FRA defined the following PSD S̃rzz(ky) [m2/(rad/m)] based on the database of Hamid and Yang
[69]:

S̃rzz(ky) =
1

2π
A
n2
y2(n2

y + n2
y2)

n4
y(n

2
y + n2

y1)
(68)
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where ny = ky/2π and the constants ny1 = 0.0233 m−1 and ny2 = 0.13 m−1 are determined based
on the database. The parameter A depends on the track quality class, labelled from 1 to 6, where 1
represents the poorest and 6 the best track quality [69, 60]. Table 2 gives the value of A for each class,
while figure 16 shows the PSD of the unevenness for several FRA track quality classes. Based on the
PSD, an unevenness profile ûrz(ω) is generated according to equations (58) and (66).

Table 2: Track quality parameters according to the FRA database [69].
Class 1 2 3 4 5 6
A [10−7 m] 16.72 9.53 5.29 2.96 1.67 0.96

Figure 16: PSD of the track unevenness for different FRA track quality classes.

Example 4.6: Track unevenness and dynamic axle loads

In this example, the dynamic train-track interaction problem is solved for a given track unevenness and
the dynamic axle loads are calculated. Following the formulation presented in the previous subsections
and the calculations in examples 4.2 and 4.3, results are presented here for the case of a train passage at
150 km/h on the ballasted track on top of the medium soil with the properties listed in Appendix A.1. As in
example 4.1, the case of soft rail pads (30 MN/m) is also considered here additionally.

Figure 17 shows the modulus of the wheel-rail contact force calculated for unit amplitude track unevenness,
as it is implemented in MOTIV and GroundVIB. Results obtained with the MOTIV model are shown for a 10-
DOF vehicle model. GroundVIB uses a 4-DOF vehicle model for each wheelset with no coupling through
the track structure. The two models show good agreement with most of the differences around the P2
resonance where the GroundVIB model calculates higher dynamic axle loads for the case of standard
grooved rail pads (150 MN/m), which is due to the rigid ground assumption.
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(a) (b)

Figure 17: Dynamic axle load per rail for unit amplitude unevenness for the ballasted track on medium soil
with (a) grooved rail pads (150 MN/m) and (b) soft rail pads (30 MN/m).

Next, the actual track unevenness is applied to the dynamic axle loads that were calculated for unit am-
plitude track unevenness. In this example, the track unevenness selected is an extrapolation for long
wavelengths of the ISO:3095-2013 [89] acoustic rail roughness, as shown in figure 18 in one-third octave
wavelength bands. For comparison, the FRA class 6 and class 1 unevenness are also shown in figure 18.

Figure 18: One-third octave wavelength band spectra of the used track unevenness (ISO:3095-2013) and
the FRA class 6 and class 1 unevenness.

Figure 19 shows the contact forces in one-third octave bands calculated with MOTIV and GroundVIB.
The results are given for both rail pads and for different vehicle models. For the 10-DOF model used in
MOTIV, only the contact force of the first axle is shown. As expected from results discussed in example
4.3, the dynamic axle load computed with the 1-DOF vehicle model only differs from the dynamic axle load
obtained with a 10-DOF model for frequencies below 10 Hz. The 4-DOF model used in GroundVIB model
gives higher contact forces close to the P2 resonance in the case of grooved rail pads, due to the rigid
ground assumption.
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(a) (b)

Figure 19: One-third octave frequency band spectra of the contact force for the ballasted track on medium
soil with (a) grooved rail pads (150 MN/m) and (b) soft rail pads (30 MN/m), computed with different vehicle
models.

Figure 20 finally compares the one-third octave band contact forces for the soft, medium and stiff soil.
The results shown are computed with the MOTIV model for the 10-DOF vehicle and shown for the first
axle. No significant differences are observed below 31.5 Hz, while some differences appear around the
P2 resonance.

(a) (b)

Figure 20: One-third octave frequency band spectra of the contact force for the ballasted track on soft,
medium and stiff soil with (a) grooved rail pads (150 MN/m) and (b) soft rail pads (30 MN/m).

4.3.5 Parametric excitation

As discussed in section 2, parametric excitation occurs due to the variation of track stiffness along the
track. In practice, the effect of the parametric excitation is not always observed at the ground surface. It
is rarely observed for urban rolling stock (tramway, metro) with slab tracks, but trains running on ballasted
tracks can show a peak at the sleeper-passing frequency. Measurements performed in Switzerland during
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the RIVAS project [138], showed a clear peak, sometimes with a similar amplitude to the P2 resonance
(around 80 Hz). These investigations also showed that the peak was not always distinguishable, depending
on the site (with similar ballasted tracks, but different soil conditions). The peak amplitude of the parametric
excitation depends on the train load [132].

Thompson [176] derived analytical equations for parametric excitation expressed as an equivalent uneven-
ness. The equivalent unevenness ûw(ω) for excitation of the wheel is:

ûw(ω) = −∆kt(ω)

kt(ω)

P0

kt(ω)
(69)

while the equivalent unevenness ûr(ω) for excitation of the rail is:

ûr(ω) =
∆kt(ω)

kt(ω)

P0

Mwω2
(70)

where kt(ω) is the track stiffness, ∆kt(ω) the variation of the track stiffness, P0 the static axle load, and
Mw the unsprung wheel mass. These two expressions are equal at the P2 resonance frequency.

Auersch [7] performed an in-depth numerical analysis, with comparison to experimental results, demon-
strating that the peak amplitude of the parametric excitation depends on the train speed. He also derived an
analytical formulation to express the parametric excitation as an equivalent roughness, which corresponds
to the equivalent unevenness from the wheel as expressed in equation (69).

Nélain and Vincent [133] combined the same approximation to track and soil models to obtain the ground
vibration response due to parametric excitation. The track receptance and the stiffness variation were
computed using a finite element model. The model included random variation of rail support stiffness,
resulting in a broad-band excitation in addition to the sleeper periodicity. As a result, the stiffness variation
can be expressed in the form of a spectrum, which in turn gives the equivalent unevenness spectrum:

ûw(ω) =
∆kt(ω)P0

k2
t

(71)

which is equivalent to equation (69), where the track stiffness kt(ω) is replaced by the mean static track
stiffness kt.

This equivalent unevenness spectrum was subsequently used as input in a 2.5D train-track-soil interaction
model to compute the ground vibration level. These investigations show the dependency of the parametric
excitation on the static wheel load, the mean track stiffness, and the train speed. It was also demonstrated
that the unevenness excitation is generally higher than the unevenness due to the parametric excitation,
unless the track stiffness variation and the static axle load are sufficiently important.

The following example illustrates how equation (71) can be used to calculate the order of magnitude of the
wheel equivalent unevenness.

Example 4.7: Equivalent unevenness for parametric excitation

In this example, we compute the equivalent unevenness to account for parametric excitation for a UIC60
rail that is discretely supported by a flexible support every 0.6 m, using equation (71) and a finite element
model of the rail.
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The rail is modelled with beam elements supported on discrete springs every 0.6 m (figure 21a). The
model is sufficiently long to avoid any influence of wave reflection on the boundaries. The discrete supports
represent the stiffness of the rail pads and the components below (sleeper, ballast, subgrade,. . . ). Several
models are made for different support stiffness ks, as described in table 3.

(a) (b)

Figure 21: (a) Discretely supported rail and (b) vertical displacement due to a unit vertical load applied
above a sleeper.

A unit load is applied at different positions along the rail to obtain the vertical displacement. Figure 21b
shows the vertical displacement of the rail for a unit load above a sleeper. The inverse of the displacement
at the load point gives the static track stiffness kt(y) for this load position y. This computation is repeated
for several positions of the load; the resulting static track stiffness is shown in figure 22 for tracks with
different support stiffness. The mean static track stiffness kt is obtained as the average over one sleeper
bay. The peak stiffness variation ∆kt is obtained as the difference between the maximum track stiffness
kmax

t (above a sleeper) and the minimum track stiffness kmin
t (between two sleepers). This peak stiffness

peak variation ∆kt is an approximation of the peak stiffness peak variation ∆kt(ωs) at the sleeper passege
frequency ωs = 2πv/d.

Figure 22: Static track stiffness as a function of the distance along the track.

The results are presented in table 3. The equivalent unevenness ûw(ωs) for an axle load P0 = 100 kN is
obtained from equation (71) as a first order approximation of the equivalent unevenness amplitude (peak
to peak) at the sleeper passage frequency. The Root Mean Square (RMS) value is obtained by dividing
by 2
√

2 and can be combined with an unevenness spectrum by quadratic summation of both terms at the
sleeper passage frequency.

The present example gives a fast way to obtain an equivalent unevenness approximation at the sleeper
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passage frequency from a simple FE model of the track. More complex models and approaches can
be used. In particular, Zhang et. al. [212] showed that the value obtained is an over-estimation of the
amplitude at the sleeper passage frequency, because the variation is not harmonic, as can be seen in
figure 22.

Table 3: Equivalent unevenness for parametric excitation (axle load 100 kN, UIC60 rail, sleeper distance
0.6 m).

Track grade Stiffness Mean track Stiffness Equivalent
per discrete support stiffness variation unevenness

ks kt ∆kt(ωs) ûw(ωs)
[MN/m] [MN/m] [MN/m] [µm peak to peak]

1 Very stiff 165 260 38 45
2 Stiff 100 180 15 38
3 Medium 65 140 8 33
4 Medium soft 40 95 3.6 32
5 Soft 30 75 1.5 24
6 Very soft 15 50 0.7 22

4.4 Response to moving loads

In this subsection, we briefly recapitulate the equations derived in subsection 3.4 explaining how the track
and free field response can be computed from the transfer function and the quasi-static and dynamic axle
loads.

4.4.1 Response to quasi-static excitation

Due to the motion of the train, the response due to the static axle loads is time-dependent. For high-speed
tracks on soft soils, the train speed can be close to or even larger than the critical phase velocity of the
coupled track-soil system, in which case the quasi-static excitation leads to large amplitudes of vibration
and track displacement, affecting track stability and safety [2, 128].

The quasi-static contribution to the response is found from the static component gsk of the axle loads,
which is equal to wkez, where wk is the weight carried by axle k. Accounting for the Fourier transform
ĝsk = wkez2πδ(ω) of the quasi-static axle load, the quasi-static response is equal to:

û(y, ω) =

[
1

v
H̃T

(ω
v
, ω
)
ez exp

(
−i
ω

v
y
)][ na∑

k=1

wk exp
(

i
ω

v
yk0

)]
(72)

The first bracketed term on the right-hand side is the response due to a unit axle load, while the second
bracketed term represents a modulation of the response, determined by the distribution of the static axle
loads over the track and the train speed v [7, 8, 34].
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4.4.2 Response to dynamic excitation

The dynamic axle loads ĝdk(ω) are now introduced in equation (20):

û(y, ω) =

na∑
k=1

1

2π

∫ +∞

−∞
H̃T(ky, ω)ĝdk(ω − kyv) exp [−iky(y − yk0)] dky (73)

A change of variables according to ky = (ω − ω̃)/v moves the frequency shift from the frequency content
of the moving load to the wavenumber content of the transfer function:

û(y, ω) =

na∑
k=1

1

2πv

∫ +∞

−∞
H̃T

(
ω − ω̃
v

, ω

)
ĝdk(ω̃) exp

[
−i

(
ω − ω̃
v

)
(y − yk0)

]
dω̃ (74)

The transfer function is evaluated at a wavenumber ky = (ω − ω̃)/v that couples the frequency ω̃ emitted
by the moving source to the frequency ω observed at the receiver. Due to the Doppler effect, a dynamic
axle load ĝdk(ω̃) with a source frequency ω̃ moving at a speed v, results in a response at a fixed receiver
in a frequency range [ω̃/(1 + v/C), ω̃/(1− v/C)], determined by the smallest phase velocity C of interest.

When the train speed v is low with respect to this smallest phase velocity C, the dependence of the
dynamic axle load ĝdk(ω− kyv) on v in equation (73) can be omitted, so that the response is simplified to:

û(y, ω) =

na∑
k=1

ĝdk(ω)

[
1

2π

∫ +∞

−∞
H̃T(ky, ω) exp [−iky(y − yk0)] dky

]
(75)

The response is now obtained as the superposition of each dynamic axle load, that is multiplied with a
transfer function that is obtained after evaluation of an inverse wavenumber transformation:

û(y, ω) =

na∑
k=1

ĝdk(ω) ĤT(y − yk0, ω) (76)

This low speed approximation will be used in SILVARSTAR whenever possible.

Example 4.8: Free field response due to moving loads

In this example, the free field response is calculated by applying the dynamic axle loads calculated in ex-
ample 4.6 on the ballasted track and soil. The calculations are performed using the MOTIV and GroundVIB
models for the passage of a single vehicle at 150 km/h.

Figure 23 shows the narrow band spectra of the quasi-static and dynamic components of the PSD of the
vertical velocity at 4 m and 20 m from the track centre line. The results are computed with the MOTIV model
for the case of medium soil (see table 10 in Appendix A.1). The results are the average vibration during
the passage of the train, including the full pass-by but normalised to the pass-by duration corresponding
to the train length.
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(a) (b)

Figure 23: Narrow band spectra of the quasi-static and dynamic components of the PSD of the vertical
velocity of the ground response at (a) 4 m and (b) 20 m from the track centre line.

(a) (b)

(c) (d)

Figure 24: Free field vertical vibration levels in one-third octave bands at (a) 4 m, (b) 8 m, (c) 15 m, and
(d) 20 m from the track centre line.

Comparing the vibration spectra at both distances, it can be noticed that the response decays significantly
with distance, especially the quasi-static component. Close to the track (figure 23a) the quasi-static con-
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tribution to the total response is significant at low frequencies below about 10 Hz. Further away from the
track (figure 23b), the response is dominated by the dynamic component.

Figure 24 shows the vertical velocity level at the ground surface due to the passage of the train for the
three ground types. The results are computed with MOTIV at 4 m, 8 m, 15 m and 20 m from the track
and are expressed as average one-third octave band spectra during the train passage; they incorporate
the effect of the moving quasi-static and dynamic axle loads. It can be noticed that the response decays
significantly with distance. Larger differences are found in the lower frequencies (below 10 Hz at 4 m and
8 m and below 4 Hz at 15 m and 20 m), where the quasi-static component is important. Comparing the
different ground types, for frequencies below about 20 Hz, the soil stiffness has a significant effect on the
free field response; the level of vibration increases by about 10 dB when the soil stiffness reduces from
the stiff to the medium soil or from the medium to the soft. Above 20 Hz, these differences reduce and
at about 50 Hz, the free field response is similar for all soil types. Above 50 Hz, the free field vibration
levels increase with the soil stiffness especially for larger distances (15 m and 20 m) from the track, which
is mainly due to material damping in the soil.

(a) (b)

Figure 25: One-third octave band dynamic component of the free field vertical vibration levels at 8 m from
the track centre line for the (a) soft and (b) stiff soil.

Figure 25 shows the dynamic component of the free field velocity at 8 m from the track for the different
vehicle models; the 10-DOF and 1-DOF vehicle models are used in MOTIV, while the 4-DOF model is
used in GroundVIB. Results are presented for soft and stiff soil. Compared with the 10-DOF model, the
1-DOF model underestimates the dynamic response at low frequencies (below 10 Hz for the soft soil and
below 8 Hz for the stiff soil). However, in the total free field response these differences are not expected
to be prominent, as the quasi-static component dominates the response at low frequencies. Predictions
with the 4-DOF model in GroundVIB show the same trends as with the 10-DOF model in MOTIV for both
ground types, although lacking some of the spectral detail. This is because in the GroundVIB model there
is no correlation between the applied axle loads through the vehicle and the track structures. For the case
of the soft soil (figure 25a), the GroundVIB model overestimates the free field response for frequencies
above about 63 Hz due to the rigid ground assumption in the calculation of the contact forces (cf. example
4.6).
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4.5 Conclusion

In this section, we explained how railway induced vibration (on track and in the free field) can be computed
by means of the track-soil transfer functions and the quasi-static and dynamic axle loads, with particular
emphasis to 2.5D semi-analytical and numerical models as implemented in the MOTIV and TRAFFIC
software, since these are efficient models that will be used in SILVARSTAR.

We will employ these models in a hybrid vibration prediction model, that is inspired by experimental pro-
cedures outlined in the ISO 14837-1:2005 standard and the FRA/FTA manuals. We will combine experi-
mental procedures with numerical prediction, based on track impedance and track-soil transfer functions
that are pre-computed for a selected range of track and soil conditions, hence facilitating quick vibration
assessment in an early design phase. Alternatively, these functions can also be computed in real-time if
sufficient computational resources are available.

In the following sections, we will review these experimental procedures in more detail and explain how they
can serve as a basis for a hybrid vibration prediction tool.
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5. EMPIRICAL MODELS

5.1 Introduction

Notwithstanding the large progress in the development of numerical models for railway induced vibration,
they are still mainly used for research. In contrast, engineering practice mostly still makes use of empirical
methods. The ISO 14837-1:2005 standard [88] provides general guidance on ground-borne noise and vi-
bration arising from rail systems. This standard indicates that requirements for absolute predictions change
during the various stages of development and distinguishes between scoping models (earliest stage), en-
vironmental assessment models (planning process) and detailed design models (part of construction and
design). This categorization is seen in many of the empirical models in use but, of course, also applies to
numerical models.

Examples of empirical methods include the procedures developed by the Federal Railroad Administration
(FRA) and the Federal Transit Administration (FTA) of the U.S. Department of Transportation [71, 72, 70,
152], the method developed by the Swiss Federal Railways (SBB) [112], the method of Madshus et al. [123]
which is based on measurements in Norway and Sweden, and the method of Hood et al. [76] which was
developed within the frame of the Channel Tunnel Rail Link project in the UK. The procedures developed
by FRA and FTA distinguish between the three different levels of assessment of the ISO 14837-1 standard
[88]. The Detailed Vibration Assessment is based on a prediction technique developed by Bovey [14]
and Nelson and Saurenman [136] and presents a more elaborate method for the prediction of ground-
borne vibration and re-radiated noise in buildings. The method developed by SBB [112] distinguishes
between two prediction models, VIBRA-1 and VIBRA-2, where the latter is more detailed and considers,
for example, frequency-dependent attenuation models. The empirical methods by Madshus et al. [123]
and Hood et al. [76] follow a similar structure as the one by SBB, and additionally consider the issue of
prediction uncertainty.

In this section, we will focus on the general framework for vibration analysis recommended in the ISO
14837-1:2005 standard [88], together with the empirical procedure for Detailed Vibration Assessment pro-
posed by FRA and FTA [71, 72, 70, 152]. Within the SILVARSTAR project, these procedures will serve as a
basis to develop a frequency-based hybrid vibration prediction tool, combining experiments with numerical
prediction, as will be explained in sections 6 and 7.

This section is based on the aforementioned ISO 14837-1:2005 standard [88], the reports published by
FRA and FTA [71, 72, 70, 152], the keynote paper of Lombaert et al. [117] presented at IWRN11, the PhD
thesis of Verbraken [187], and journal papers by Verbraken et al. [192, 193] and Kuo et al. [111, 110].

5.2 General framework recommended by ISO 14837-1:2005

The aforementioned empirical methods aim at predicting the magnitude of the quasi-stationary vibration
level A(f) in a building during a train passage and can be cast in the following general form of the ISO
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14837-1:2005 standard [88] as a product of three terms:

A(f) = S(f)P (f)R(f) (77)

where the vibration level A(f) typically is a root mean square value (of velocity or acceleration) in one-
third octave bands, S(f) represents the source strength, P (f) accounts for the propagation path, and
R(f) characterizes the receiver. ISO 14837-1:2005 [88] stipulates that each of these terms should be
further divided into relevant components, which interact and can only be assumed uncoupled in some
situations for simplified models.

To obtain the vibration level A(f) at a given frequency f , each of the three terms in equation (77) is
calculated at the same frequency f , which is strictly speaking not valid for moving sources due to the
Doppler effect [187]. As a result, the source magnitude S(f) will also depend on the distance r. Equation
(77) is expected to provide a reasonable estimate for the quasi-stationary response, however, when the
train speed is relatively low compared with the wave velocities in the soil [192].

The source term S(f) forms the basis of the prediction and, according to ISO 14837-1:2005, it "may
be a forcing function at the wheel/rail interface or, alternatively, may be a vibration response (velocity
or acceleration) at a defined location (e.g. tunnel invert, tunnel wall or in the ground to the side of the
tunnel, or to the side of the track at grade)." The first approach, where S(f) represents the force at the
wheel/rail interface, follows the approach of Nelson and Saurenman (1987) who proposed a method based
on an equivalent force density, that was later adopted in the empirical procedure procedure. In the second
approach, S(f) could be the vibration spectrum on the ground close to the track, for example at 8 m or at
25 m.

Within SILVARSTAR, we will generally prefer the first approach where S(f) represents the force at the
wheel/rail interface. The second approach will also be accommodated with an appropriate formulation of
each term. Furthermore, we will preferentially express the vibration level A(f) as a velocity, understanding
that a conversion to acceleration can easily be made.

Empirical prediction methods have shown their value in practice by providing reasonable estimates of
vibration velocity levels. Crucial for the prediction quality is the availability of a suitable source charac-
terization, either in terms of a force density or a reference vibration level. Equation (57) that relates the
dynamic train loads to the wheel and track unevenness shows that this requires a match in the type and
level of excitation, train characteristics, as well as characteristics of the track and the soil. This implies that
empirical models based on in situ vibration measurements can only be applied for prediction at sites where
the conditions (rolling stock, track, soil) are very similar to those at the sites where the data were collected;
they can, in general, not be used in situations where new train or track types are implemented or at sites
with deviating soil conditions. A study of prediction errors arising from a mismatch in soil conditions for the
Detailed Vibration Assessment of the U.S. Department of Transportation was presented by Verbraken et al.
[191]. Example 4.6 suggests that, although the soil conditions affect the track receptance, they have much
less influence on the dynamic axle loads, especially at low frequencies where the vehicle receptances are
much higher than the track receptance.

5.3 The FRA/FTA procedure

The empirical procedure for Detailed Vibration Assessment proposed by the FRA and FTA [71, 72, 70,
152] is a popular approach, based on a prediction technique developed by Bovey [14] and Nelson and
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Saurenman [136]. The procedure conforms to the general framework recommended in ISO 14837-1:2005
[88] using division of source, propagation, and receiver terms and will be used in SILVARSTAR as a
basis for the development of a hybrid vibration prediction tool. The term characterizing the propagation
path P (f) is determined from field measurements by adding contributions from incoherent point sources
at different positions along the track, leading to the so-called line source transfer mobility. The source
strength S(f), which is termed the force density, is determined indirectly from the measured response
and the experimental line source transfer mobility. A database with source strengths obtained at different
sites can then be used to predict ground vibration levels at sites where the line source transfer mobility
has been determined. The advantage of this method when compared with numerical models is that it
inherently takes into account characteristics of the vibration transmission at a given site by the direct use
of measured transfer functions. In this way, simplifying assumptions, such as the horizontal nature of the
soil stratification, and identification of the dynamic soil characteristics from in situ geophysical tests are
avoided.

PSfrag replaements
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Figure 26: Position of the source and receiver points for the FRA procedure when the railway is present.

The detailed vibration assessment predicts the vibration velocity level Lv(xb) at a receiver xb in the building
(figure 26) as the root mean square (RMS) value vRMS of the velocity during the stationary part of a train
passage. It is measured in decibels (e.g. dB ref 1 × 10−8 m/s) in one-third octave bands, resulting in a
summation of the source, propagation, and receiver terms, rather than a product as per equation (77):

Lv(xb) = LF(X,x1) + TML(X,x1) + Cb(x1,xb) (78)

The first term LF(X,x1) is the equivalent force density level [dB ref 1N/
√

m ] and is a measure for the
power per unit length radiated by the source. The vector X collects all of the source points, located on
the rail heads, while the receiver points x1 are located on the ground surface; it will be explained further
why the force density LF(X,x1) may depend on x1. The second term TML(X,x1) is the line source

transfer mobility [dB ref 10−8 m/s
N/
√

m
] and is a measure for the vibration energy that is transmitted through

the soil relative to the power per unit length radiated by the source. The third term Cb(X,xb) is the receiver
term or the building’s coupling loss; it is computed as a combination of adjustment factors to account for
soil-structure interaction at foundation level and attenuation and amplification within the building.

A reference value of 1× 10−8 m/s was used in the PhD thesis of Verbraken [187] and in the cited journal
papers of Verbraken et al. [192, 193] and Kuo et al. [111, 110] to compute the vibration velocity level
Lv(xb). It must be noted that, in the reports published by FRA and FTA [71, 72, 70, 152], a reference value
of 1× 10−6 in/s is used, while FINE-2 partners propose a reference value of 5× 10−8 m/s [173].

In the following, we will discuss and illustrate how each of the these terms can be measured, as elaborated
in more detail in the PhD thesis of Verbraken [187].
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5.3.1 Line source transfer mobility

The vibration propagation from the track, through the soil to the receiver x1 on the soil surface is contained
within the line source transfer mobility term TML(X,x1). This involves the superposition of point source
transfer mobility levels TMP(Xk,x1) for a series of n equidistant source points Xk with spacing h:

TML(X,x1) = 10 log10

[
h

n∑
k=1

10
TMP(Xk,x1)

10

]
(79)

Figure 27a shows a measurement setup for vibration propagation tests with a track at grade. Impacts are
given at equally spaced points X along the track and the resulting vibration velocity is measured along a
line of receivers x1 perpendicular to the track. The transfer function between the applied force at a single
impact point Xk and the velocity at a receiver x1 is called the point source transfer mobility TMPk

and is
determined in one-third octave bands. For the case of a new railway that has not yet been built, source
points X at the rail heads are not available, so alternative impact locations X1 on the soil’s surface close
to the future track position are used (figure 27b).

A similar procedure is applied for a track in a tunnel, where impacts are given on the rail head or in a
borehole if a tunnel has not yet been built.

(a)

PSfrag replaements
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Figure 27: Setup for vibration propagation tests for a track at grade with impact locations (a) on the track
and (b) adjacent to a future track.

Based on an analytical derivation (assuming fixed and incoherent axle loads), the following alternative
formulation can be found for the line source transfer mobility [187]:

TML(X,x1) = 10 log10

[
Lt

na

na∑
k=1

10
TMP(Xk,x1)

10

]
(80)

where Lt is the length of the train, na is the number of axles, and impact loads are now applied at axle
positions Xk (figure 28a). The ratio between the sum and the number of axles na on the right hand side of
equation (80) is the average value of the transmitted vibration energy for all axles, each represented by an
impact at position Xk. The vibration transfer due to a line source is obtained by multiplying this average
vibration transfer with the train length Lt.
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Instead of considering na sources at axle positions, nb = na/2 sources at the centre of each bogie can
be considered (figure 28a). The vibration due to a single source point is affected by its exact position. It
can be expected, however, that the average vibration for a long train is relatively insensitive to the exact
positions of the axles, so that it can also be represented by na equidistant source points [187].

As the average value of the transmitted vibration energy is not strongly affected by the number na of source
points, an arbitrarily chosen number n of source locations with spacing h can be used to represent the line
source with length Lt, provided that the sampling of the line source is sufficiently dense (figures 28c and
28d). When the spacing h = Lt/n is introduced in equation (80), expression (79) is indeed obtained [187].

An alternative approach is proposed in the FRA procedure [71], where two edge points are considered and
a different spacing h′ = n/(n− 1)h is used (figure 28e), resulting in a slightly different expression for the
line source transfer mobility, that does not give different results [187].
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Figure 28: Location of the source points for the determination of the line source transfer mobility level
with (a) na source points corresponding to the axle locations, (b) nb source points corresponding to the
bogie locations, (c) na equidistant source points, (d) n equidistant source points with spacing h, and (e) n
equidistant source points with spacing h′ including two edge points [187].

The consideration of n impact points along the track, where repeated impacts need to be given, may
result in a time-consuming measurement campaign. Assuming lateral homogeneity of the soil, one may
also consider to measure point transfer mobilities with a single impact point and several receivers on a
measurement line perpendicular to the track up to sufficiently long distance. The line source transfer
mobility can be reconstructed by superposition of point transfer mobilities at measured (or interpolated)
source-receiver distances. The appropriateness of such simplified procedure still needs to be verified,
however.
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Example 5.1: Line source transfer mobility

Vibration measurements were performed on a site in Lincent (Belgium) next to the HST line L2 Brussels-
Köln [188, 189, 187]. Vibration was recorded on 5 parallel measurement lines (separated by 10.2 m and
9.6 m, respectively) on the flange of the rail, on the edge of the sleeper and in the free field at 8 locations
on line C and 2 locations on lines A, B, D, and E (figure 29).
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Figure 29: Measurement setup on the track and in the free field at the site in Lincent, indicating the receiver
points (:) and the source points at the track (�) and at the soil’s surface adjacent to the track (�).

Vibration was measured during the passage of InterCity and high speed (Thalys and ICE) trains. Further-
more, transfer functions between the track and the free field were measured using an instrumented impact
hammer. Impacts were given on the edge of the sleeper at 21 locations equally distributed over a distance
of 200 m. Additionally, impacts were also given on a square aluminium foundation that was located at
5.05 m from the track at 17 positions equally distributed over a distance of 160 m. For each position, the
number of impacts was N = 100 in order to improve the signal-to-noise ratio (the standard deviation on
the transfer function is inversely proportional to

√
N ).

Several complementary measurement campaigns were performed on this site to determine dynamic soil
characteristics by means of geophysical prospection methods (SASW, SCPT, seismic refraction) and lab-
oratory tests (bender element tests) and to measure transfer functions as well as vibration during train
passages. The resulting data sets have been used (1) to validate numerical models [119, 115], (2) to apply
and verify empirical methods [193], and (3) to support the development of hybrid models [111]. In the
examples of section 5, we focus on the application of empirical methods.

As transfer functions from the track to the free field were measured with 21 impact locations separated by
10 m over a distance of 200 m, while 100 impacts were given, these experimental results can be used
to assess the influence of the spacing between impact points and the length of the source length on the
prediction of the line source transfer mobility. This is illustrated in figures 30 and 31, respectively, which
demonstrate that the source length can be reduced to 100 m without affecting too much the accuracy of
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the line source transfer mobility at 12 m and 48 m from the track. These results were confirmed by a
numerical parametric study considering the effect of the source length, sampling of the line source, and
the position of the impact points (equally distributed on both rails, at the centre or edge of the sleeper, at
the centre of a future track, or adjacent to the track) [187].
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Figure 30: Measured line source transfer mobility at (a) 12 m and (b) 48 m determined with source points
XSE at the edge of the sleeper for a source length of 200 m and a source point spacing of 40 m, 20 m, and
10 m (grey to black lines).
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Figure 31: Measured line source transfer mobility at (a) 12 m and (b) 48 m determined with source points
XSE at the edge of the sleeper for a source length of 100 m, 120 m, 140 m, 160 m, 180 m, and 200 m (grey
to black lines) and a source point spacing of 10 m.

5.3.2 Equivalent force density

The omission of the building’s coupling loss term from equation (78) gives the expression for the vibration
velocity level at a receiver x1 located in the free field, however (possibly) still in presence of the building:

Lv(x1) = LF(X,x1) + TML(X,x1) (81)

Depending on the location of the receiver x1 with respect to the building, this may include the effect of
soil-structure interaction.
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Rearranging equation (81) gives a method of determining indirectly the excitation force, represented by the
equivalent force density level LF(X,x1):

LF(X,x1) = Lv(x1)− TML(X,x1) (82)

This excitation force term represents the equivalent fixed line source that results in the same vibration
velocity level as the train passage. The force density level depends on both the actual force generated
at the wheel/rail interface and the dynamic characteristics of the transit structure, including the track,
subgrade and soil.

The equivalent force density due to a train passage is determined using equation (82) as follows. The vibra-
tion velocity level Lv(x1) due to the train passage is measured at a point x1. Also, the line source transfer
mobility TML(X,x1) is determined at the same point x1 using the previously described experimental pro-
cedure. Equation (82) reveals that the equivalent force density level LF(X,x1) indeed is influenced by the
position X of the source points used for the determination of the line source transfer mobility as well as
by the position of the receiver x1 where the difference between the vibration velocity level Lv(x1) and line
source transfer mobility TML(X,x1) is made. This is the consequence of the approximations embeddded
in the FRA formulation, e.g. the fact that it does not account for the Doppler effect.

Verbraken [187] assessed the influence of the position of the source and receiver on the force density level
by means of numerical calculations and experimental data collected at the site in Lincent. In the numerical
assessment, the reference distance, the position of the source point on the track and the location of the
receiver were considered. One important conclusion is that, as the response close to the track is dominated
by quasi-static axle loads, the receiver point x1 should be located outside the influence zone of the moving
static axle loads, at a sufficiently large distance from the track (which was estimated as larger than 6 m).
In the following example, we focus on the analysis based on experimental data.

Example 5.2: Equivalent force density

Figure 32 shows the vibration velocity level at 12 m and 48 m from the track during the passage of 17 IC
trains with speeds around 200 km/h.
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Figure 32: One-third octave band RMS level of the measured vertical free field velocity at line C (y = 0 m)
at (a) 12 m and (b) 48 m from the track centre line during the passage of 17 IC trains (193− 203 km/h).

The equivalent force density due to 12 IC train passages in the same speed range is now determined
using equation (82) and subtracting the line source transfer mobility TML(X,x1) (determined for a source
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length of 200 m and a source point spacing of 10 m, as shown in figure 30) from the vibration velocity
level Lv(x1) at the same point x1. Figure 33 demonstrates that indeed the force density determined in
this way depends on the output location and also reveals substantial variation in certain frequency bands
depending on the train.
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Figure 33: Measured force density level based on the response at (a) 12 m and (b) 48 m for 12 IC trains
(192− 200 km/h) (grey to black lines).

Figure 34 compares the force density for a single passage of an IC train at 198 km/h when the line source
transfer mobility has been measured with impacts on the edge of the sleeper or, alternatively, at the soil’s
surface adjacent to the track. The observed difference is due to the combined effect of asymmetric loading
of the track, the track filtering and the modified track-receiver distance; the difference is relatively small,
though, at larger distances, demonstrating that the force density determined with source points at the soil’s
surface adjacent to the track could be used as an approximation for the force density determined with
source points at the edge of the sleeper.
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Figure 34: Measured force density level based on the response at (a) 12 m and (b) 48 m for an IC train
(198 km/h) determined with source points XSE at the edge of the sleeper (black line) and XFA at the soil’s
surface adjacent to the track (grey line).

Figure 35 finally illustrates the dependency of the estimated force density on the location of the receiver
point determined with source points on the edge of the sleeper and at the soil’s surface adjacent to the
track. Figure 35a shows lower variation in the mid frequency band; in the higher frequency range, the force
density decreases when based on the response at increasing distance from the track, which is partly due
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to the asymmetric loading of the track as also observed in numerical predictions. Much larger variation
with distance is observed when the force is applied at the soil’s surface adjacent of the track (figure 35b),
which must be taken into consideration when applying this procedure for predictions.
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Figure 35: Measured force density level based on the response at 6 m to 64 m (grey to black lines) for an
IC train (198 km/h) determined with source points (a) XSE at the edge of the sleeper and (b) XFA at the
soil’s surface adjacent to the track.

5.3.3 Receiver term or building’s coupling loss

The receiver term Cb(x1,xb) represents the building’s coupling loss. The FRA approach [72] computes
this term as a combination of three dimensionless frequency-dependent adjustment factors that are applied
to the free field vibration velocity level: (a) those that represent the change in the incident ground-surface
vibration due to the presence of the building foundation, (b) the attenuation of vibration as it travels from
foundation to the upper floors, assumed at a rate of 1 to 2 dB per floor, and (c) amplification of ap-
proximately 6 dB in the frequency range of the fundamental floor resonances (15-20 Hz for wood-frame,
20-30 Hz for reinforced concrete slabs). For (a), zero correction is applied when estimating basement
floor vibration or vibration of at-grade slabs, and frequency dependent attenuation ranging from 0-15 dB is
prescribed for masonry buildings on piles and spread footings. The reader is referred to the FRA reports
[72] for a detailed overview of these adjustment factors.

According to equation (78), these adjustment factors Cb(x1,xb) are added to the ground-surface vibration
levels at location x1 near the building, to estimate the vibration level Lv(xb) inside the building at location
xb.

When both a railway and building are present, if follows immediately from equations (78) and (81) that the
receiver term Cb(x1,xb) can be quantified as a difference in vibration velocity level Lv(xb) at some point
xb in the building, and Lv(x1) at some point x1 on the ground surface with the building present. This is
illustrated in figure 26 and expressed as:

Cb(x1,xb) = Lv(xb)− Lv(x1) (83)

This definition of the building’s coupling loss is regarded as the reference expression for the receiver term.
The vibration velocity levels can either be determined using field measurements of the vibrations produced
during a train passage, or they can be calculated numerically using a train-track-soil-building model.
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The coupling loss value will depend on the positions of x1 and xb relative to the track; the closer x1

is to the building, the more the vibration level Lv(x1) will be influenced by the presence of the building.
Moreover, locating the receiver point x1 far from the building will result in a coupling loss that includes a
greater contribution (proportionally) from the propagation path. The position xb can also vary within the
building; the location xb will determine whether the receiver term incorporates effects such as floor-to-floor
attenuation and floor resonances.

The reference definition of the building’s coupling loss can be further elaborated by expressing the two
vibration velocity levels as the sum of excitation force and propagation path terms. For example, writing:

Lv(xb) = LF(X,xb) + TML(X,xb) (84)

and incorporating the expression for Lv(x1) in equation (81), results in:

Cb(x1,xb) = TML(X,xb)− TML(X,x1) + LF(X,xb)− LF(X,x1) (85)

By assuming the two force density terms to be equal, the building coupling loss is alternatively written as:

C∗b(x1,xb) = TML(X,xb)− TML(X,x1) (86)

where TML(X,xb) and TML(X,x1) are the line source transfer mobilities measured at some point xb in
the building and at some point x1 on the ground surface in the presence of the building, respectively. The
asterisk in equation (86) indicates that this is an approximate expression based on the assumption that the
force densities are equivalent. The source points used to determine the line source transfer mobilities are
collected in the vector X and are located at the rail heads, thus this calculation of the building’s coupling
loss does not require the passage of a train. This makes it a useful means of measuring the coupling
loss in the field, provided the excitation applied at X is sufficiently large to produce a measurable building
response. It also simplifies a numerical computation of the building response by removing the need for a
vehicle model and characterisation of the wheel-rail unevenness.

Within the FP7 project RIVAS, building receiver terms were also computed [196]. These functions were
integrated in the GroundVIB software, as will be explained in section 6.

Example 5.3: Receiver term

Extensive vibration measurements were performed in a three-storey reinforced concrete building, located
in Heverlee, Belgium, at about 40 m from the railway line L1390 Leuven-Ottignies [110, 146], as will also be
discussed in subsection 7.3. Synchrous vibration measurements were performed on the rail and sleepers,
on three parallel measurement lines in the free field (figure 36) and at 4 locations on each of the 4 stories
of the building (figure 37), resulting in 84 measurement directions.

Transfer functions were measured between track, free field and building, applying multiple impacts with an
instrumented hammer on 17 sleepers spaced 12 m over a total distance of 192 m along the track [125, 107].
Continuous monitoring during one week resulted in a database of over 500 freight and passenger train
passages, including track, free field and building response.

In this example, we demonstrate how these measurements were used to determine building coupling
loss factors according to the FRA procedure. The reader is referred to reference [110] for an in-depth
discussion.
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Figure 36: Free field measurement locations (black dots). Measurement lines A, B, and C are located at
y = −12 m, y = 0 m and y = 12 m. Measurement lines 1, 2, and 3 correspond to x = 32 m, x = 12 m,
and x = 1 m. Eight of the seventeen hammer impact locations are also shown (red dots).
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Figure 37: Measurement locations at the first floor of Blok D.

Figure 38 shows the average vertical vibration velocity level at various distances from the track and at
various floors in the building for 117 passages of three-carriage passenger trains on the nearside track in
a speed range of 77-100 km/h. The 95% confidence intervals are displayed as shaded regions and are
of the order of 1-3 dB over the entire frequency range, which is notably narrow. The free field vibration
level attenuates with increasing distance to the track due to a combined effect of geometrical spreading
and material damping in the soil (figure 38a). There is no clear trend of vibration attenuation with floor
height (figure 38b) . This corresponds with the findings of Xia et al. [206], but runs counter to the FRA
recommendation of an adjustment factor of 1-2 dB attenuation per floor. The vibration levels within the
building are, on the whole, smaller than those measured directly outside the building. This again concurs
with the trend observed by Xia et al. [206].

The building coupling loss values can be estimated using the vibration velocity levels measured in the free
field and the building during train passages using equation (83). Figure 39 shows the coupling loss at
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locations XX-125-z and XX-309-z, where XX refers to any of the four floor levels. The location of x1 is 1 m
from the building on measurement line A. The 95% confidence intervals are shown as shaded regions and
are remarkably narrow across the entire frequency range. For receivers located near a structural column
(figure 39a), the trend of increasing floor vibration with increasing floor elevation is observed. For receivers
located at mid-span (figure 39a), at less than 10 Hz there is a large response on the second floor, and,
to a lesser extent, on the first floor. This is due to a dominant, fundamental building mode that involves
some coupling between the first and second floors [110]. The greatest variation between the coupling loss
values at various floors occurs at frequencies greater than 25 Hz.
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Figure 38: Average vertical vibration velocity levels determined using 117 passenger train passages (77-
100 km/h) measured (a) in the free field along three measurement lines; and (b) in Blok D at four mea-
surement locations within each storey. Shaded areas indicate the 95% confidence intervals.
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Figure 39: Coupling loss values calculated with receivers xb at various floors with locations (a) XX-125-z
and (b) XX-309-z, using 117 passenger train passages (77-100 km/h). Free field receiver x1 is located
1 m from the building on measurement line A. Shaded areas indicate the 95% confidence intervals.

Figure 40 shows the line source transfer mobilities for receivers in the free field and in the building, deter-
mined as the summation of the seventeen point source transfer mobilities.

Figure 41 shows the force density terms calculated using the average vibration velocities shown in figure 38
and the line source transfer mobilities shown in figure 40. The magnitude and the frequency dependence of
the force density is similar regardless of which receiver points are used. The observed scatter, particularly
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at frequencies greater than 31.5 Hz, does not strongly depend on distance from the building nor floor
elevation. The assumption of equivalent force terms therefore appears to be reasonable for this site.
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Figure 40: Line source transfer mobilities determined using more than 100 hammer excitations on the
sleeper at each of seventeen source locations and measured (a) in the free field along three measurement
lines; and (b) in Blok D at four measurement locations within each storey.
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Figure 41: Force density calculated using average vibration velocities resulting from 117 passenger train
passages (77-100 km/h) and line source transfer mobilities determined using more than 100 hammer
excitations on the sleeper at each of seventeen source locations. Sensors are located (a) in the free field
along three measurement lines; and (b) in Blok D at four measurement locations within each storey.

Approximate coupling loss values can be calculated as per equation (86) using the line source transfer
mobilities and are shown in figure 42. As is expected having demonstrated the equivalence of force
density terms, these approximate coupling loss values show a strong likeness to the values shown in
figure 39, both in terms of magnitude and variation with frequency. There is especially good agreement at
frequencies below 25 Hz for all sensor locations. The greatest deviations occur at above 31.5 Hz, where
the approximate values generally show greater scatter in the floor-to-floor attenuation.

The closeness of the approximate coupling loss values to the coupling losses calculated using train pas-
sages has important practical implications:

• A building’s coupling loss can be estimated with reasonable accuracy without the existence of train
passages, which means in the case of a new railway the track does not yet have to be operational.
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• Using hammer impacts, which produce a much smaller magnitude of vibration than train passages,
nevertheless enables the coupling loss to be quantified with reasonable accuracy.

• Although more than one hundred hammer impacts were applied at each source location for this
study, it has previously been shown that using twenty impacts is sufficient for determining the point
source transfer mobilities [109]. Furthermore, it has also been shown that using a source length
of 200 m with source point spacing of 10 m does not produce a significantly different line source
transfer mobility to a source length of 100 m with a source point spacing of 20 m [187]. This may
result in a more practical implementation, limiting the number of sensors, impact points and impacts
[110].
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Figure 42: Approximate coupling loss values calculated with receivers xb at various floors with locations
(a) XX-125-z and (b) XX-309-z, using hammer impacts on the track. Free field receiver x1 is located 1 m
from the building on measurement line A.
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Figure 43: Approximate coupling loss values calculated with receiver xb at mid-span on the top floor (02-
309-z) and free field receiver x1 at 1 m from the building on measurement line B, using various source
configurations and numbers of hammer impacts for determining the line source transfer mobilities.

Figure 43 compares the coupling loss value calculated using line source transfer mobilities determined
with n = 17 sources with spacing h = 12 m and a total length of 192 m to that calculated using n = 9
sources with spacing h = 12 m, giving a length of 96 m, and n = 5 sources with spacing h = 24 m, also
with length 96 m. The dotted lines illustrate the effect of using only 20 impacts at every source position.
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The variation due to the reduced number of sources and hammer impacts is less than 5 dB over the entire
frequency range, which illustrates that this practical implementation may provide a suitably accurate means
of determining the coupling loss at this location.

5.4 Prediction for new-build situations

5.4.1 New railway infrastructure

According to the FRA procedure, several steps are required to predict and assess the free field vibration
level.

In the case where a prediction is required for a site where new railway infrastructure is to be built, the
following two-step approach is followed [192]:

• First, a reference site is selected (site 1) where a track is present and where the characteristics of
the track, soil, and rolling stock, as well as the environment (urban, green field) are similar to those
at the site where the new track will be built (site 2). Depending on the requirements of a specific
project, sites with different type of track (ballast track, slab track, floating slab track) can be selected.
On site 1, the vibration velocity level Lv1(x1) due to a train passage is recorded and the line source
transfer mobility TML1(X,x1) is measured, so that equation (82) can be used to estimate the force
density LF1(X,x1) as:

LF1(X,x1) = Lv1(x1)− TML1(X,x1) (87)

• Second, the line source transfer mobility TML2(X,x1) is measured on site 2 where the new track
will be built. Equation (81) is subsequently applied to predict the vibration velocity level Lv2(x1) due
to the new railway infrastructure on site 2, using the estimated force density LF1(X,x1) (from site 1)
and the measured line source transfer mobility TML2(X,x1) (from site 2):

Lv2(x1) = LF1(X,x1) + TML2(X,x1) (88)

Alternatively, inserting equation (87) into equation (88) results in:

Lv2(x1) = Lv1(x1) + TML2(X,x1)− TML1(X,x1) (89)

where the underlined term denotes the difference in line source transfer mobilities at both sites that
can be used as a correction term on the vibration level Lv1(x1) at the reference site 1 to obtain a
prediction of the vibration level Lv2(x1) at the site where the new track is to be built.

The vibration velocity level Lv(x1) due to a train passage, and therefore also the force density, can only
be determined at a site where the track is already present. As no track is present yet on site 2, the line
source transfer mobility TML2(X1,x1) can only be determined by means of impacts at locations X1 at the
soil’s surface. The line source transfer mobility TML1(X1,x1) at site 1 should therefore be determined in
a similar way with impacts at locations X1 at the soil’s surface adjacent to the track. In order to account for
the distance to the centre of the track, the impact points at site 2 should be located at the same distance
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from the track centre line. When the force density LF1(X1,x1) is determined in this way, it no longer
represents the actual force transmitted by the wheel/track system, but an equivalent force that has to be
applied adjacent to the track in order to obtain the same vibration velocity as the one recorded during the
train passage.

The above procedure was focusing on free field vibration, but can be extended (within the framework
of the FRA/FTA procedure) to predict vibration levels in (existing) buildings by adding the receiver term
Cb(x1,xb).

In the FRA procedure, the local transmission of vibration through the soil is correctly accounted for due
to the experimental determination of the transfer mobility TML(X,x1). This is an advantage compared
to numerical prediction models where the model parameters need to be determined for an accurate pre-
diction. The accuracy of the empirical prediction is largely dependent, however, on the availability of an
appropriate force density LF(X,x1).

5.4.2 New rolling stock

In the case where a prediction is required (within the framework of the FRA/FTA procedure) for new rolling
stock on an existing track, a similar procedure can be followed, on the condition that a reference site is
available where this new rolling stock is already running, and this on a similar track and soil as on the site
where the new rolling stock will be used in the future.

The previous procedure can again be extended to predict vibration levels in (existing) buildings by adding
the receiver term Cb(x1,xb).

5.4.3 New building constructed close to an existing track

In the case where a prediction is required for a new building that is planned but not yet built on a site close
to an existing railway line, the vibration level Lv(x1) in the free field can be measured for a representative
number of train passages, covering different rolling stock (freight and passenger trains) and train speeds.
These vibration levels need to be corrected with a receiver term Cb(x1,xb) as specified in the FRA/FTA
procedure. There is no need in this situation to determine force densities.

Alternatively, the measured vibration levels characterizing the incoming wave field can be used for dynamic
analysis of the building due to imposed base motion, taking dynamic soil-structure interaction into account,
or not. This, however, would already be a hybrid approach as will be explained in section 6.

5.5 Source characterization by means of a reference ground vibration level

According to ISO 14837-1:2005, the source S(f) could also be a vibration response (velocity or acceler-
ation) at a defined location (e.g. tunnel invert, tunnel wall or in the ground to the side of the tunnel, or to
the side of the track at grade), as an alternative to a forcing function. In Germany and the Netherlands,
for example, it is common practice to use a vibration velocity level Lv(xref) at a reference distance xref of
respectively 8 m and 25 m from tracks at grade [173].

Although within SILVARSTAR, the use of a force density level is highly preferred, we will discuss in the
following subsections how, alternatively, vibration velocity level Lv(xref) at a reference distance xref can
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be used to predict the vibration velocity level Lv(x1) at a receiver x1 in the free field. A similar procedure
can be followed for the vibration velocity level Lv(xb) at a receiver xb in the building.

5.5.1 Formulation within the framework of the FRA/FTA procedure

The vibration velocity level Lv(x1) is first written according to equation (81), which is repeated here for
convenience:

Lv(x1) = LF(X,x1) + TML(X,x1) (90)

A similar equation holds for the vibration velocity level Lv(xref) at a reference distance xref :

Lv(xref) = LF(X,xref) + TML(X,xref) (91)

Subtracting equations (90) and (91) and rearranging terms results in the following equation for the vibration
velocity level Lv(x1):

Lv(x1) = Lv(xref) + LF(X,x1)− LF(X,xref) + TML(X,x1)− TML(X,xref) (92)

If it can be assumed that the force density LF(X,xref) determined at the reference point xref is equal to
the force density LF(X,x1) determined at the output receiver x1, then equation (92) can be simplified to:

Lv(x1) ' Lv(xref) + TML(X,x1)− TML(X,xref) (93)

It should be noted, however, that vibration measurements and numerical computations demonstrate that
the force density depends on the location of the output point [192, 111]. Therefore, in a practical case, the
validity of the assumption needs to be verified. Otherwise, equation (92) must be used.

The underlined term in equation (93) represents the difference in line source transfer mobilities at the
output receiver x1 and the reference point xref , identified for excitation at source locations X on (or beside)
the track. Note that, intentionally, we do not call this term a transfer function, since this nomenclature is
generally reserved to denote the ratio between a response quantity and an input force.

5.5.2 Prediction for new railway infrastructure

When the source is characterized by means of a reference ground vibration level Lv(xref), the following
procedure can be applied to predict vibration levels for new railway infrastructure:

• At site 1 (the reference site), the vibration velocity level Lv1(xref) is measured at a reference distance
xref from the track.

• At site 2 (the prediction site), the difference between line source transfer mobilities at the receiver x1

and the reference location xref is measured by means of impacts at source locations X on the track
(for an existing track that will be operated by new rolling stock) or at source locations X1 at the soil
surface besides the track (for a new track to be built):

∆TML2(X1) = TML2(X1,x1)− TML2(X1,xref) (94)
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The reference distance xref is identical to the one used at site 1 to characterize the source. The
vibration velocity level Lv2(x1) is subsequently obtained as follows:

Lv2(x1) = Lv1(xref) + TML2(X1,x1)− TML2(X1,xref) (95)

This so-called velocity coupling method was tested numerically by Nélain et al. [134] for the case where
identical conditions (train, track, and soil properties) hold at sites 1 and 2. When sites 1 and 2 are different,
a transposition is required on the reference vibration level Lv1(xref) before applying equation (95). Such a
transposition method will be developed in WP2 of SILVARSTAR.

5.6 Conclusion

In this section, we have reviewed the empirical procedure for Detailed Vibration Assessment as proposed
in the FRA/FTA guidelines, and illustrated its application by means of two in situ measurement campaigns.
We also discussed how this procedure can be applied for prediction in new-build situations.

In the following section, we will discuss how this procedure can serve as a basis for hybrid predictions,
combining experimental results and numerical predictions.
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6. HYBRID MODELS

6.1 Introduction

Hybrid models combine numerical and empirical methods, offering greater flexibility and robustness than a
single modelling method. By integrating field measurements with state-of-the-art modelling techniques, the
need for simplifying modelling assumptions and detailed parameter identification can be partially avoided.
This is expected to result in a reduction of prediction uncertainty at a reduced cost. Hybrid models can also
be employed in situations where there is insufficient experimental data to characterise the source strength
and vibration transmission fully, such as when the vibration behaviour of new tracks, new trains, or the
installation of vibration mitigation measures is to be evaluated.

For each term in equations (77) or (78), use can be made of either measured data or a numerical model,
e.g. a train-track-soil interaction model for dynamic axle loads or force densities, a track-soil interaction
model for transfer functions or line source transfer mobilities, and a building-soil interaction model for the
receiver term.

Verbraken et al. [192] derived analytical expressions for the force density and the line source transfer
mobility, assuming fixed, incoherent, and equal point loads at the axle locations. Kuo et al. used a hybrid
model to predict railway induced vibration in the free field [111] and determined experimentally building
correction factors for a three-storey building [110]. Vibratec’s hybrid GroundVIB model [134] combines
several of the aforementioned numerical models with an experimental database.

The following presentation of hybrid models follows the lines of the paper by Kuo et al. [111].

6.2 General framework

The ISO 14387-1:2005 framework involving division of the vibration response into separate source and
propagation terms forms an ideal basis for hybrid models, as each of the terms can be determined using
field measurements, or calculated using numerical procedures. Thus two generic hybrid models are de-
fined: model 1, which involves numerical prediction of the source term and a propagation term determined
using field measurements:

AHYB(f) = SNUM(f)PEXP(f) (96)

and model 2, which involves determination of the source term using field measurements and numerical
prediction of the propagation term:

AHYB(f) = SEXP(f)PNUM(f) (97)

where the superscripts HYB, NUM and EXP represent hybrid, numerical, and experimental (measured)
means of determining the vibration terms.
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The use of a numerical prediction of the source term in model 1 is particularly suited to situations where
a railway does not yet exist at the site of interest, or has only been partially constructed. This model
also provides a means of easily assessing the effect of alterations to the track, such as the installation of
track-based mitigation measures like resilient fasteners, rail pads and floating slab track, and alterations
to the train, such as reduced wheel/rail roughness and increased train speed. The use of a measured
propagation term offers resilience in the case of a site with complex soil stratification, avoiding both the
expense of extensive soil characterisation tests and the modelling effort required to implement multiple soil
layers. However, in situ measurements are still required to obtain transfer functions that characterise the
propagation path.

Model 2 employs a measured source term that is particularly useful in situations where the track condi-
tions and/or geometry are not well-suited to numerical modelling procedures. For example, it may not be
possible to conduct in situ measurements of the track unevenness to determine the dynamic axle loads,
or transition zones may be present with changing track support stiffness, which currently cannot be in-
corporated into 2.5D formulations. The use of a numerical prediction of the propagation term provides a
means of assessing the effect of installing mitigation measures such as trenches, wave barriers and wave
impeding blocks. This type of hybrid model can also significantly reduce the numerical model complex-
ity by avoiding the need for characterisation of the track parameters and inclusion of the train and track
elements.

6.3 Model implementation: definition of terms

The generic hybrid models can be implemented using any prescribed method of determining the source
and propagation terms. In the following implementation, these terms are defined as per the FRA procedure
described in subsection 5.3. The determination of the line source transfer mobilities and force density terms
using in situ measurements has already been described; here a summary of the derivation of analytical
expressions for these terms is presented. The full derivation is found in Verbraken et al. [192].

Starting with equation (9), the assumptions of fixed, incoherent and equal point loads at the axles are
systematically introduced. The narrow band transfer function is replaced by its averaged value in one-third
octave bands and the mean square value of the stationary part of the vibration velocity v2

RMS is determined
in one-third octave bands. The vibration velocity level Lv(x′) is defined as 10 times the logarithm to base
10 of v2

RMS. Separation of the source and propagation terms results in an analytical expression for the
force density LF(X):

LF(X) = 10 log10

[
na

Lt
g2

dRMS

1

F 2
ref

]
(98)

where F 2
ref = 1 N2/m is the reference value used for the force density, and an analytical expression for

the line source transfer mobility TML(X,x1):

TML(X,x1) = 10 log10

[
Lt

na

na∑
k=1

∫ ω2

ω1
|ĥzz(Xk,x1, ω)|2 dω

∆ω

1

v2
ref

]
(99)

where vref is the reference value used for the line source transfer mobility level. Equation (98) represents
the mean-square force per unit length applied by the axles at the wheel/rail contact at a fixed position. It
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is calculated based on the spectrum gdRMS of a single dynamic axle load of the train, using equation (57),
and expressed in one-third octave bands, and the ratio of the number of axles na to the train length Lt.
It should be noted that the term gdRMS contains only the dynamic component of the axle load. The static
component of the axle loads manifests itself in the free field response as a quasi-static contribution that
cannot be written in the form of equation (77). This quasi-static contribution is only significant at low
frequencies when close to the track and can thus be neglected. The expression for the force density level
is independent of the separation distance of the source and receiver, as a result of the approximations
introduced at the start of this derivation. This expression will be referred to as the "direct" method of
calculating the force density level, cf. the "indirect" method given in equation (82). It is only indirectly
influenced by the speed of the train via the dynamic axle load term.

Equation (99) represents the average value of the vibration energy transfer for all axles multiplied by the
train length. The term ĥzz(Xk,x1, ω) is the transfer function relating the vibration at receiver point x′ in the
direction ez due to a point load at source point xk in direction ez, and is first averaged over the frequency
band [ω1, ω2] with bandwidth ∆ω, then summed over the total number of axles. This expression for the
line source transfer mobility is dependent on, yet relatively insensitive to, the exact position of the axles
and the number of source points considered [187]. It should be noted the fact that the transfer function
ĥzz(Xk,x1, ω) here is assumed to represent a velocity rather than a displacement, so multiplication with a
factor iω is already incorporated in this notation.

The line source transfer mobility can also be written as the superposition of point source transfer mobilities:

TML(X,x1) = 10 log10

[
La

na∑
k=1

10
TMP(Xk,x1)

10

]
(100)

where the point source transfer mobility TMP(Xk,x1) is defined as:

TMP(Xk,x1) = 10 log10

[∫ ω2

ω1
|ĥzz(Xk,x1, ω)|2 dω

∆ω

1

v2
ref

]
(101)

Each of these point loads are located by Verbraken et al. [192] at the position of the corresponding axle.
However, the FRA procedure uses point loads that are distributed equidistantly along the train. Coupled
FE-BE analysis shows that the use of equidistant loads is valid for the case of predicting the approximately
stationary part of the vibrations due to railway traffic [192]. It is estimated that this results in differences of
the order of 4 to 6 dB in the one-third octave band predictions [187].

6.4 Predicted force density combined with measured line source transfer mobility

The first hybrid model presented herein combines a numerical prediction of the force density with a line
source transfer mobility determined using field measurements. There are two possible methods for obtain-
ing the numerical prediction of the force density.

6.4.1 Hybrid model 1a: direct numerical prediction of the force density

Direct prediction uses an analytical expression for the force density, derived in subsection 6.3, which uses
source points X located at both rail heads and is independent of the receiver location. The resulting hybrid
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model is described using the equation:

LHYB
v (x1) = LNUM

F (X) + TMEXP
L (X,x1) (102)

As this model does not fully account for the movement of the train, it is expected that more accurate
predictions will be obtained using an indirect numerical prediction of the force density.

6.4.2 Hybrid model 1b: indirect numerical prediction of the force density

The second method for obtaining the numerical prediction of the force density is the indirect prediction
method that utilises the difference between the numerical prediction of the vibration velocity level and the
numerical line source transfer line mobility:

LNUM
F (X,x1) = LNUM

v (x1)− TMNUM
L (X,x1) (103)

This results in a force density level LNUM
F (X,x1) that depends on both the source X and receiver x1

locations. The hybrid model expression is therefore:

LHYB
v (x1) = LNUM

F (X,x1) + TMEXP
L (X,x1) (104)

and substitution of equation (103) yields:

LHYB
v (x1) = LNUM

v (x1)−TMNUM
L (X,x1) + TMEXP

L (X,x1) (105)

This expression represents a numerical prediction of the vibration velocity at the receiver location x1, with
the underlined correction term TMEXP

L (X,x1) − TMNUM
L (X,x1) to account for the vibration propagation

measurements. This correction term is expected to reduce the prediction error in the numerical model due
to simplifying assumptions and parameter uncertainty in the underground environment, which is particularly
pertinent when complex soil stratification is present.

Equation (105) implies that numerical calculations are required for each location x1 where hybrid pre-
dictions are to be obtained. As an approximation, equation (104) could be used with the force density
evaluated based on single receiver location. The appropriateness of such an approximation needs to be
investigated further.

The numerical predictions for the force density level have, up to now, been determined with source points
X located at the rail heads, and have been combined in hybrid models with measured line source transfer
mobility levels that are also determined with source points X at the rail heads. In the event that alternative
source locations are required, where a track is not present at the site of interest, source point locations X1

away from the rail head can be used for both the force density level and the line source transfer mobility:

LHYB
v (x1) = LNUM

F (X1,x1) + TMEXP
L (X1,x1) (106)

This expression uses an indirect prediction of the numerical force density LNUM
F (X1,x1) with source points

at X1, which is given by:

LNUM
F (X1,x1) = LNUM

v (x1)− TMNUM
L (X1,x1) (107)
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Substituting this into equation (106) results in:

LHYB
v (x1) = LNUM

v (x1)−TMNUM
L (X1,x1) + TMEXP

L (X1,x1) (108)

This expression is the alternative to equation (105), and is suitable for indirect numerical prediction of the
force density with sources located away from the rail heads, for example on the sleeper’s edge or next to
the track. It can be regarded as a numerical prediction of the vibration velocity level at receiver location
x1 together with the underlined correction term TMEXP

L (X1,x1)−TMNUM
L (X1,x1) that makes use of the

alternative source location X1 to account for the propagation path measurements.

The numerical vibration velocity LNUM
v (x1) can be obtained using the direct expression for the force den-

sity:

LNUM
v (x1) = LNUM

F (X) + TMNUM
L (X,x1) (109)

resulting in:

LHYB
v (x1) = LNUM

F (X) + TMNUM
L (X,x1)− TMNUM

L (X1,x1) + TMEXP
L (X1,x1) (110)

This expression is the alternative to equation (102), and is suitable for direct numerical prediction of the
force density with sources located away from the rail heads. It combines the analytical expression for
the force density with a measured line source transfer mobility using source location X1. The difference
in source point locations is accounted for in the underlined numerical correction term TMNUM

L (X,x1) −
TMNUM

L (X1,x1).

6.5 Measured force density combined with predicted line source transfer mobility

The second hybrid model combines field measurements of the force density with a numerical prediction of
the line source transfer mobility. The resulting hybrid model is described using the equation:

LHYB
v (x1) = LEXP

F (X,x1) + TMNUM
L (X,x1) (111)

which involves source locations X at the rail heads for determining both the force density and the line
source transfer mobility.

As per the FRA procedure, the measured force density is determined as the difference between the mea-
sured vibration velocity level and the line source transfer mobility:

LEXP
F (X,x1) = LEXP

v (x1)− TMEXP
L (X,x1) (112)

The hybrid model expression is therefore:

LHYB
v (x1) = LEXP

v (x1)−TMEXP
L (X,x1) + TMNUM

L (X,x1) (113)

This expression represents a measured vibration velocity at the receiver location x1, with a numerical
adjustment of the propagation path term TMNUM

L (X,x1)− TMEXP
L (X,x1).
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This model would be relevant when the effect of a modification to the vibration propagation path of an
existing railway is to be evaluated. Examples of such modifications include open trenches [203], soft or
stiff wave barriers [126, 98], and heavy masses next to the track [174], all of which have been shown to
impede the transmission of waves through the soil.

As per model 1, a hybrid model expression can be formulated for situations where the source point loca-
tions X1 are located away from the rail heads:

LHYB
v (x1) = LEXP

F (X1,x1) + TMNUM
L (X1,x1) (114)

If the source point locations are on the soil surface, sufficiently far from the track, the presence of the track
could be disregarded in the calculation of the line source transfer mobility. This will result in significant
computational savings, as the need for characterisation of the excitation mechanism and the track can be
avoided when formulating the numerical model.

Using equation (112) to determine the measured force density results in:

LHYB
v (x1) = LEXP

v (x1)−TMEXP
L (X1,x1) + TMNUM

L (X1,x1) (115)

This expression is the alternative to equation (113) and is suitable for numerical prediction of the line source
transfer mobility with sources located away from the rail heads. It combines a measured vibration velocity
level at receiver location x1 with an adjustment term TMNUM

L (X1,x1) − TMEXP
L (X1,x1) that makes use

of the alternative source location X1 to account for modification to the vibration propagation path.

6.6 Case history

In examples 5.1 and 5.2, we have illustrated how the line source transfer mobility and force density were
determined by means of in situ vibration measurements next to HST line L2 Brussels-Köln in Lincent [187].
These results have been used by Kuo et al. [111] to make hybrid vibration predictions using the different
formulations outlined in subsections 6.4 and 6.5. The vibration predicted with the hybrid models was
compared with the experimental results and numerical predictions with a 2.5D FE-BE model. The reader
is referred to the paper by Kuo et al. [111] for full details.

6.7 GroundVIB, an example of a hybrid vibration prediction tool

GroundVIB is a software package that was initially developed by Vibratec to solve the train-track interaction
problem in the context of ground-borne vibration problems (TrackVIB module). This module was validated
within the EU funded Brite-Euram project CONVURT (2002), including the train and track receptances and
vibration levels of rails and sleepers. The TrackVIB module can deal with a prescribed track unevenness
spectrum, as well as parametric excitation and singularities (wheel flats or rail joints). The roughness
excitation module was validated by comparison with other software, such as TRAFFIC (KU Leuven), while
predictions for parametric excitation and singularities were compared with other dedicated approaches.

Modules were added by Vibratec to compute soil vibration and validated by comparison with in situ mea-
surements. These modules include the coupling of TrackVIB (roughness excitation) with empirical data
(soil decay rate or soil transfer function), or with pre-computed slab-soil transfer functions that were com-
puted with external 2.5D and 3D models.
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Vibration and noise levels in buildings are obtained using building correction terms from an empirical
database (from the FP7 project RIVAS and other references), or directly from in situ measurements in
specific sensitive buildings.

The output of GroundVIB is compliant with ISO 2631-2:2003 [87] and can also be used to evaluate vibration
criteria as defined in DIN 4150-2:1999 [38] (KBF) or BS 6472-1:2008 (eVDV) [15]. The GroundVIB
modules are also compliant with the ISO 14837-1:2005 standard [88]. In particular, they follow a three-
step prediction scheme, differentiating between the source, the propagation path and the building.

The train-track interaction model is decoupled from the computation of wave propagation in the soil and
response of the building. The rails are modelled as Timoshenko beams which is adequate for the frequency
range of interest. The vehicle models incorporate an assemblage of rigid components (wheelsets, bogies,
coach) without accounting for their flexibility.

GroundVIB can be used to estimate vibration and noise level inside buildings (4-250 Hz) in a relative (e.g.
insertion gain, mitigation efficiency) or absolute way. Prediction accuracy is limited by uncertainty on input
parameters (track, soil, building,. . . ). The formulation of the hybrid model in GroundVIB follows closely
the hybrid model presented in subsection 6.4. Up to now, GroundVIB was used mainly for urban railway
transport (tramway, metro, RER,. . . ), and not for freight or high speed lines.

6.7.1 Train-track interaction module

The basic vehicle model has 4 vertical degrees of freedom, representing one quarter of a conventional
coach (i.e. a single axle, half a bogie and a quarter of a car body), and can be used to simulate three types
of bogie, as illustrated in figure 44.

(a) (b) (c)

Figure 44: 4DOF vehicle models used in GroundVIB for (a) bogie with primary and secondary and resilient
wheel, (b) bogie with secondary suspension and resilient wheel and (c) bogie with primary and secondary
suspension and monobloc wheel.

Three track models are available to simulate ballasted track, slab track, and floating slab track (figure
45). The rail is modelled as a Timoshenko beam (including shear deformation and rotational inertia) and
assumed to be continuously connected to sleepers by means of resilient rail pads. The sleepers (for
ballasted track) are modelled as masses on springs, representing the ballast or under sleeper pad. The
(floating) slab is modelled as an Euler beam, resting on a continuous resilient layer (slab mat).

The train-track interaction problem is solved in the frequency domain by first calculating the train, track and
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(a) (b) (c)

Figure 45: Track models used in GroundVIB for (a) rail on rail pads, (b) rail on sleepers, and (c) rail on
(floating) slab.

contact receptance. The following equilibrium equation (which corresponds to a one-dimensional version
of equation (57)) allows the dynamic axle load ĝdk(ω) at axle k to be computed:

ĝdk(ω) =
ûw/r(ω)

α̂c(ω) + α̂t(ω) + α̂v(ω)
(116)

with ûw/r(ω) the combined wheel-rail unevenness, α̂c(ω) the receptance at the wheel-rail contact, α̂t(ω)
the track receptance, and α̂v(ω) the vehicle receptance.

For a single wheel/rail force, the force F̂ts(ω) transmitted to the subgrade is computed as:

F̂ts(ω) =

∫ +∞

−∞
kû(y, ω) dy (117)

where k is the (complex) stiffness per unit length in the lowest resilient component of the track, and ûz(y, ω)
is the relative vertical displacement of this component with respect to the rigid subgrade, as a function of
the coordinate y along the track. The integral in equation (117) is truncated to values±Lts as the energy is
usually contained within a limited distance from the point of load application. In practice, a value of ± 20 m
gives sufficiently accurate results. The force F̂ts(ω) transmitted to the subgrade is subsequently combined
with the soil transfer function to calculate the free field response.

6.7.2 Subgrade-to-soil transfer function

Below the track superstructure, there is a subgrade which depends on the type of track: below a ballasted
track, the soil is generally reinforced using gravel; below a (floating) slab track, a light concrete slab is
mounted on the soil.

The transmitted force F̂ts(ω) for a single axle load is multiplied with the subgrade-to-soil transfer function
for a point source to obtain the vibration level at the soil surface. The response due to a train passage
is obtained by summation of the contribution of each axle. Alternatively, the force density is computed
according to equation (98), while the line source transfer mobility is obtained from equation (100).

GroundVIB offers the choice between two types of transfer functions: (1) a measured or an externally
computed (using another software) transfer function, read from an Excel file, and (2) pre-computed transfer
functions for a given slab width and homogeneous soil properties that are available within the software.
The latter transfer functions were computed with external 2.5D and 3D models (figure 46) for a slab with
variable thickness and fixed width and material properties, and a homogeneous soil with variable Young’s
modulus, while other material properties are fixed.
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Figure 46: Subgrade-to-soil transfer function.

For a slab track (figure 47), the train-track interaction model includes the rail and its rail pads. The
subgrade-to-soil transfer function includes the slab on which the rail pads are attached in order to re-
duce the approximation error due to the use of blocked force for the coupling [134]. For a floating slab
track (figure 48), the train-track interaction model includes the rail, the rail pads, the slab and its supporting
mat. The subgrade-to-soil transfer function includes the light concrete slab below the mat.

(a) (b)

Figure 47: (a) Slab track and (b) coupling of sub-structures.

(a) (b)

Figure 48: (a) Floating slab track and (b) coupling of sub-structures.

6.7.3 Wave propagation in the soil

The vibration velocity v̂(r, ω) at a point at a distance r from a harmonic source at a frequency ω at the
surface of a homogeneous halfspace with a shear wave velocity Cs and material damping ratio βs can be
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approximated as follows [9]:

v̂(r, ω)

v̂(rref , ω)
=

(
r

rref

)−n
exp
−ωβs(r − rref)

Cs
(118)

where the exponent n represents geometrical attenuation and equals 0.5 for a point source and 0.0 for
a line load; rref is the distance between the source and a reference point in the soil where the vibration
velocity equals v̂(rref , ω).

Equation (118) can be reformulated as:

Lv(r, ω) = Lv(rref , ω)− 20n log10

(
r

rref

)
− (r − rref)DR(ω) (119)

where Lv(r, ω) is the velocity level in dB with reference v0 = 5× 10−8 m/s:

Lv(r, ω) = 20 log10

(
v̂(r, ω)

v0

)
(120)

and DR(ω) is the decay rate:

DR(ω) =
ωβs

Cs

20

ln 10
(121)

When a line load is assumed (n = 0), the second term in equation (119) equals zero, resulting in the
following formulation:

Lv(r, ω) = Lv(rref , ω)− (r − rref)DR(ω) (122)

In practice, the soil is not homogeneous, as assumed in the previous derivations. However, it is possible
to integrate heterogeneity in the above formulation by measuring the decay rate in one-third octave bands,
as illustrated in figure 49a. The decay rate is subsequently used to compute the vibration level Lv(r, ω)
at different distances from the track. This is a convenient and fast way to interpolate or extrapolate mea-
sured transfer functions. GroundVIB incorporates a database of soil decay rates, as illustrated in figure
49b, where measured data are superimposed on theoretical decay curves for a homogeneous halfspace
consisting of soft, medium, and stiff soil.

6.7.4 Building correction factors

In GroundVIB, the building response is computed with the same building correction factors as defined in
Deliverable D1.6 of the FP7 project RIVAS [196].

In Deliverable D1.6 of RIVAS, the following so-called transfer functions are proposed: TF2(ω) is the trans-
fer function from the ground to the foundation of the building (usually an attenuation); TF3(ω) is the transfer
function from the foundation of the building to a floor in the building (usually an amplification); and TF4(ω)
is the transfer function from the mid span floor vibration to a noise level in the room. However, these func-
tions are not really transfer functions, but rather represent correction factors that are applied to a free field
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Figure 49: (a) Soil decay rate, measured as the slope of a vibration amplitude versus distance curve. (b)
Examples of measured (grey lines) and computed soil decay rates for soft (red line), medium (black line)
and stiff (blue line) soil.

vibration level in order to obtain a vibration level in the building, much along the same lines as the building
correction factors Cb(x1,xb) proposed in the FRA procedure. Therefore, we will prefer to denote these
building correction factors by Cb2(ω), Cb3(ω), and Cb4(ω).

In the RIVAS project, the building correction factors Cb2(ω) and Cb3(ω) were extracted from a database
of SBB that is based on experimental data collected in single family dwellings and small buildings with
wooden and concrete floors. These data sets were selected based on a validation by means of building
correction factors published in the literature or available in databases of RIVAS partners. These correction
factors are plotted in one-third octave bands in figures 50 and 51, respectively.
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Figure 50: Building correction factors Cb2(ω) from the soil to the building foundation for single family
dwellings, medium size buildings (less than 4 storeys), and tall buildings (more than 4 storeys). In the first
two cases, these factors are shown for soft, medium, and stiff soil.

1. The building correction factor Cb2(ω) from the ground to the building foundation depends on the
type of building and the soil stiffness. Figure 50 presents building correction factors for single family
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Figure 51: Building correction factors Cb3(ω) for concrete and wooden floors.

dwellings, medium size buildings (less than 4 storeys), and tall buildings (more than 4 storeys). In
most cases, attenuation can be observed when vibration is transmitted from the ground to a building
foundation. For small and medium size buildings, building correction factors are shown for soft,
medium and stiff soil, revealing that soil-structure interaction effects are more important when soft
soil conditions prevail. Reference [196] does not define very clearly the different soil categories,
but the following values of the corresponding shear wave velocity Cs can reasonably be assumed,
following the soil classification in Eurocode 8 [49]:

(a) soft soil: Cs ≤ 180 m/s;

(b) medium soil: 180 m/s ≤ Cs ≤ 360 m/s;

(c) stiff soil: Cs ≥ 360 m/s.

2. The correction factor Cb3(ω) from the building foundation to a floor is shown in figure 51.

(a) For concrete floors, an average floor resonance frequency of 31.5 Hz with an amplification
factor of the order of 15 dB is observed.

(b) For wooden floors, an average floor resonance frequency of 16 Hz with an amplification factor
of 20 dB is noted.

3. The building correction factor Cb4(ω) from the mid span floor vibration level to a noise level in a room
is defined as follows:

(a) For concrete floors, the A-weighted sound pressure level Lp(ω) in a room can be related as
follows to the mid-span floor vibration level Lv(ω) in dB with reference value v0 = 5×10−8 m/s:

Lp(ω) ' Lv(ω) +WA(ω) + 7 dB (123)

where WA(ω) is the A-weighting curve in one-third octave bands. This approximation takes
into account that both floor and ceiling radiate noise. It follows immediately that the building
correction factor Cb4(ω) in this case equals WA(ω) + 7 dB. Heavier (loaded) older wooden
floors most likely behave as concrete floors.
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(b) For light-weight floors, the approximation of the A-weighted sound pressure level Lp(ω) in a
room becomes:

Lp(ω) = Lv(ω) +WA(ω)− 3 dB (124)

so that the building correction factor Cb4(ω) equals WA(ω)− 3 dB.

6.7.5 Graphical User Interface

Figure 52 illustrates GroundVIB’s main Graphical User Interface. The main menu refers to project manage-
ment and analysis. The input parameters are related to the properties of the train, the track, the roughness
and the soil. Separate spectra for wheel and rail unevenness, or combined wheel-rail unevenness spec-
trum, can be specified as excitation. Computations can be performed for several train speeds and at
different distances from the track.

Figure 52: GroundVIB’s Graphical User Interface.
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Part II

CONCEPT OF THE VIBRATION PREDICTION TOOL
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7. PROPOSED METHODOLOGY IN SILVARSTAR

7.1 Hybrid formulation

Based on the review of the state-of-the-art presented in the preceding sections, the most appropriate
procedure, compliant with the ISO 14837-1:2005 standard, will be chosen as a framework for a hybrid
vibration prediction tool operating in the frequency domain. The method for coupling the source and
propagation term will be studied in detail.

SOURCE PROPAGATION RECEIVER

Train
Track
Unevenness
Subgrade

Geotechnical data
Dynamic soil characteristics
Soil layering

GRAPHICAL USER INTERFACE for INPUT

User input data SILVARSTAR database Project data

GRAPHICAL USER INTERFACE for OUTPUT and POST-PROCESSING

Spectra 2D/3D maps GIS format Standards

Building typology
Building materials
Foundation type

Figure 53: Ground vibration prediction process and integration of GUIs.

The basic concept for ground vibration in SILVARSTAR is to develop a frequency-based hybrid predic-
tion tool, following the procedure for Detailed Vibration Assessment proposed by the Federal Railroad
Administration (FRA) and Federal Transit Administration (FTA) of the U.S. Department of Transportation
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[71, 72, 70, 152], but allowing for a numerical or experimental representation for each of the terms in-
volved in the prediction. Such an approach conforms to the general framework recommended in ISO
14837-1:2005 [88].

Even the simpler semi-analytical approaches are computationally intensive and hence impractical for deal-
ing with large-scale assessment in railway projects. The proposed approach (figure 53) is therefore built
around a computationally highly-efficient source model for train-track-ground interaction. The vehicle and
track properties can be selected by the user, either from a database or as numerical values. However, to re-
duce computation times, the user will have the possibility to use pre-computed impedance functions of the
soil; the same will apply for the transfer functions between the track and the free field. These impedance
and transfer functions will be computed for a range of configurations with state-of-the-art models MOTIV
(ISVR) and TRAFFIC (KU Leuven), and collected in a numerical database in WP2. This will considerably
speed up calculations and allow the user to assess in real-time the effect of changes in train, track, and soil
parameters on dynamic axle loads, on free field and building vibration, as well as the efficiency of vibration
mitigation measures.

The response of the building will be estimated by means of building correction factors, as specified for
example in the FTA procedure [70, 152] and in Deliverable D1.6 of the FP7 project RIVAS [196]. These
correction factors will also be selected from a database established in WP2.

The framework will also be oriented to compatibility with railway projects considering both input and output.
The user will be able to import data from existing project databases dedicated to railway line development.
In particular, geographical and geotechnical data will be made importable through an interface with a
Geographical Information System (WP3). The user will also be able to add to the database where data are
not already available.

WP1 will result in the implementation of a prototype vibration prediction tool, provided with a simple GUI
to visualise results on 2D maps; GUI and visualisation capabilities will be further enhanced in WP3. Well-
documented numerical and experimental case histories collected in WP2 will be used for approval testing
and validation.

This framework should also allow for the transposition from one situation into another, based on corrections
that can be derived either numerically or experimentally. This transposition method will be elaborated in
Task T2.4.

7.2 Database with numerical results

Numerical predictions in the hybrid vibration prediction tool that will be developed in SILVARSTAR will be
made following the state-of-the-art methodology outlined in section 4, that is implemented in the MOTIV
(ISVR) and TRAFFIC (KU Leuven) software.

Vibration studies where a change in a parameter (e.g. track unevenness, rolling stock properties, train
speed,. . . ) does not require long additional computations, can be performed in real-time. A change in other
parameters, such as the dynamic soil characteristics, however, necessitates the track-soil impedance and
transfer functions to be recomputed, which requires much longer computation times. This mainly depends
on soil layering, frequency range of interest, discretization of the track-soil interface, as well as required
sampling in the frequency and wavenumber domains. To reduce computation times, the user will therefore
have the possibility to use pre-computed impedance functions of the soil and transfer functions between
the track and the free field, that will be collected in a numerical database in WP2. This database will
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considerably speed up calculations and allow the user to assess in real-time the effect of changes in
train, track, and soil parameters on dynamic axle loads, on free field and building vibration, as well as the
efficiency of a selection of vibration mitigation measures.

Ground impedance functions will be pre-computed for tracks at grade with different widths, e.g. 4 m and
6 m for a single track. Ground impedance functions will also be pre-computed for tunnels with different
diameter (e.g. 4 m, 6 m and 8 m and possibly also larger diameter for twin-track tunnels) and embedment
depth (e.g. 10 m, 15 m and 20 m). Transfer functions will be computed for a wide range of lateral
distances to the track (e.g. every 4 m up to 64 m). Predictions at larger distances (e.g. 96 m and 128 m)
will also be made, but this number will be limited as the wavenumber spacing needs to be (substantially)
reduced as the source-receiver distance increases in order to ensure an accurate evaluation of the inverse
wavenumber integrals.

It will be assumed that the soil can be represented as a homogeneous halfspace; the dynamic soil proper-
ties (wave velocities, density, material damping ratio) will be varied in order to accommodate soft, medium,
and stiff soil conditions. For surface tracks, seven layered soil cases which are typical for different Euro-
pean countries (Sweden, Belgium, Germany, Spain, The Netherlands, United Kingdom) and were identified
in the FP7 project RIVAS will also be considered. Computations will be performed by ISVR with the MO-
TIV software and by KU Leuven with the TRAFFIC software, which will also allow for cross-validation for a
number of selected cases.

All calculations will be made in the frequency range between 1 Hz and 80 Hz as a minimum requirement.
This frequency range will possibly be extended to 250 Hz (if feasible up to 315 Hz) for trains running in
tunnels when ground-borne noise is a concern.

Impedance functions and transfer functions between the track and the free field are computed in the MO-
TIV and TRAFFIC software in the wavenumber-frequency domain, as explained in sections 3 and 4 and
detailed in equation (74). When the speed of the train is low with respect to the dominant surface wave
velocities in the soil, it is possible to separate the dynamic axle loads from the transfer functions, as demon-
strated in equation (75). This approximation would allow pre-computed impedance and transfer functions
to be stored in the spatial-frequency domain instead of the wavenumber-frequency domain, resulting in
considerable savings in disk storage as well as a substantial reduction of computation time when differ-
ent configurations need to be compared. The error made by this approximation will be quantified in the
relevant one-third octave bands and compared with other modelling errors.

Tracks on embankments or in cuttings can conveniently be modelled with 2.5D FE-BE or 2.5D FE-PML
models; these formulations remain expensive, however, in terms of computation time and will therefore not
be used within SILVARSTAR. The software MOTIV, however, permits an embankment to be modelled as
an equivalent beam, but the accuracy of this approximation must be verified.

In order to compute vibration levels on floors and re-radiated noise in buildings, use will be made of building
correction factors, as specified for example in the FTA procedure [70, 152] and in Deliverable D1.6 of the
FP7 project RIVAS [196]; building correction factors have also been reported by Xia et al. [207] and Kuo et
al. [110]. The user will be able to select these correction factors from a database that will be established
in WP2. Depending on the needs of a specific project, a user can of course opt to perform a more detailed
finite element analysis of a building excited by base motion.

This work will be performed in Task T2.2 "Numerical database for the tool" as part of WP2 "Supporting
data and modelling for the vibration prediction tool". Results will be reported in Deliverable D2.1 "Database
for vibration emission, ground transmission and building transfer functions".
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7.3 Database with experimental results

Apart from the numerical calculations, an experimental database of force densities, transfer functions (e.g.
point transfer mobilities and/or line source transfer mobilities), free field vibration and input parameters
(rolling stock, track, track unevenness, subgrade, soil,. . . ) will be provided that can be integrated into the
new hybrid vibration prediction tool.

Experimental data from well-documented measurement campaigns collected by the partners will be stored
in the database that will be linked to the software. Priority will be given to test campaigns where consid-
erable attention was paid to the collection of input data and where, apart from vibration of track, free field,
and buildings during train passages, also transfer functions and mobilities were measured.

The following case histories are identified:

• Lincent (Belgium). This site is located next to the high speed line (HSL) L2 Brussels-Köln, con-
sisting of two classical ballasted tracks with UIC 60 rails supported by resilient studded rubber rail
pads on pre-stressed mono-block concrete sleepers. The track is located in a cutting with a depth of
about 1 m and supported by a porphyry ballast layer and a limestone sub-ballast layer.

Borings performed before the construction of the HSL L2 reveal the presence of a shallow quaternary
top layer of silt with a thickness of 1.2 m, followed by a layer of fine sand up to a depth of 3.2 m.
Between 3.2 and 7.5 m is a sequence of stiff layers of arenite (a sediment of a sandstone residue)
embedded in clay. Below the arenite layers is a layer of clay (from 7.5 to 8.5 m depth), followed by
fine sand (from 8.5 to 10.0 m), below which thin layers of fine sand and clay are found.

Extensive in situ and laboratory testing was performed to determine the thickness and dynamic
characteristics of the different soil layers. These tests include geophysical prospection tests (MASW,
seismic refraction, SCPT) [149, 35, 160, 156, 10, 158], laboratory tests (void ratio, water content,
density), and bender element tests on undisturbed samples (wave velocities and material damping
ratios) [68, 95, 96]. As a result, the site in Lincent is very well documented; the identified soil
stratigraphy was therefore used as one of seven reference cases in the FP7 project RIVAS to study
the efficiency of vibration mitigation measures [190].

Elaborate in situ testing was performed to measure track receptance [104], track unevenness [119],
transfer functions from track to free field (both point source mobilities and line source transfer mobil-
ity) [105, 159, 5, 189, 187] and vibration due to train passages (InterCity, ICE, and Thalys) [103, 188].
This resulted in an extensive database that was used to validate numerical models [119, 115, 62], to
verify the empirical FRA procedure [193, 187] and to support hybrid prediction of free field vibration
[111].

• Heverlee (Belgium). Vibration measurements were performed in a three-storey reinforced concrete
building, located at about 40 m from the railway line L1390 Leuven-Ottignies [110, 146]. This line
has two classical ballasted tracks with continuously welded UIC 60 rails that are supported every
0.60 m by resilient studded rubber pads on pre-stressed mono-block concrete sleepers.

This site is located in the alluvial plain of the Dijle river consisting of an approximately 6 m thick
quaternary layer of loose to dense sand (locally clayey) on top of a tertiary formation consisting of
medium to dense sand with sand stone concretions. The ground water table is located at a depth of
about 8 m. Dynamic soil characteristics were identified by means of geophysical prospection (SASW
and seismic refraction along 2 measurement lines, SCPT at 2 locations) [185, 186]; data from these
tests were combined in a probabilistic Bayesian inversion framework to identify a set of possible soil
profiles [184].
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The dynamic properties of the ballast layer, embankment and upper soil layer were identified from
track receptance tests and transfer functions from sleeper to near free field locations [61]. Rail
unevenness was measured by Infrabel one week before the measurement campaign, revealing a
track of moderate to poor quality.

Modal properties (eigenfrequencies, eigenmodes, modal damping ratios) of the building were deter-
mined by means of dynamic system identification using ambient and forced vibration measurements
on different floors of the building [145].

Accelerometers were mounted on 10 consecutive sleepers. Six shock accelerometers were placed
on both sides of the rail foot of the left rail above two sleepers and at mid-span between two sleepers.
Four strain gauges were glued to the rail web to determine axle loads. Free field accelerations were
recorded at 9 positions along three parallel lines perpendicular to the track, using 18 uniaxial seismic
accelerometers and two wireless sensors. The dynamic response of the building was measured
at four locations on each floor of the building using 18 tri-axial wireless sensors. This enabled
synchronous measurements in 84 directions.

Transfer functions were measured between track, free field and building, applying multiple impacts
with an instrumented hammer on 17 sleepers at 12 m spacing over a total distance of 192 m along
the track. These were used to determine the line source mobility to free field and building.

Freight and passenger trains operate on the line. Continuous monitoring during one week resulted
in a database of over 500 train passages, including track, free field and building response.

These vibration measurements are documented in internal reports [125, 107] and are invaluable
in validating models and providing insights into the physical process of vibration generation and
propagation.

• Steventon and Grazely Green (United Kingdom). These are two sites with soft clay soil adjacent
to railway lines in Southern England. At Steventon the track is raised on a shallow embankment,
approximately 0.7 m high, whereas at Grazeley Green the embankment is approximately 3.5 m high.
Measurements included MASW soil investigations along a line perpendicular to the railway up to a
distance of 42 m from the forcing point. The properties of the soil, including its layered structure,
were identified from comparisons with results of a layered ground model. Train passages were also
measured at a number of positions and vibration was also measured on the track. However, no
transfer function measurements were made on or from the track. The maximum frequency was 250
Hz in each case. Rail unevenness was also measured at both sites. The main results have been
reported by Triepaischajonsak et al. [182]. The soil properties from Steventon were also reported in
RIVAS Deliverable D4.1 [26]. The data are useful for validation of models and as part of a database
of soil properties. However, they cannot be used to derive force densities as no transfer functions
were measured from the track.

• Fishbourne (United Kingdom). This is a site with soft clay soil adjacent to a secondary railway
line on the South coast of Southern England. MASW tests were performed in the field adjacent to
the track for distances up to 42 m and the properties of the soil, including its layered structure, were
identified from comparisons with results of a layered ground model. Additionally, soil samples were
recovered and tested in the laboratory using triaxial testing and resonant column testing. Train pass-
by measurements were made at several positions perpendicular to the track but no measurements
were possible on the track itself. The results have been written up in an undergraduate thesis and
a PhD thesis [44] but have not yet been published further. The site could be interesting because of
the possibility to compare onsite measurement with laboratory studies but further analysis is needed
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to complete the study. The data are useful for validation of models and as part of a database of soil
properties. However, they cannot be used to derive force densities as no transfer functions were
measured from the track.

• Bakerloo Line, Regent’s Park, London (United Kingdom). Within the frame of the CONVURT
project, vibration measurements were performed at a site in Regent’s Park on the Bakerloo line of
London Underground during 35 passages of a test train at a speed between 20 and 50 km/h [36].
Vibration was measured on the axle boxes of the test train [30], on the rails, the tunnel invert and
tunnel wall [199], and on two parallel lines in the free field, both at the surface and in a seismic
cone at a depth of 15 m [17, 75]. Measurements were also performed on floors and columns of two
Regency buildings on York Terrace West at a distance of 70 m from the tunnel [17].

The tunnel on the Bakerloo line is a deep-bored tunnel with a cast-iron lining and a single track,
embedded in London clay at a depth of about 28 m below the surface. The track in the tunnel is
of the conventional London Underground type. It is a non-ballasted concrete slab track with 95lb
Bull head rail supported on hard Jarrah wooden sleepers nominally spaced at 0.95 m with cast-iron
chairs. The ends of a sleeper are embedded in the concrete invert, which runs along the sides of the
floor of the tunnels. The space between the sleepers is filled with shingle which does not support
the sleepers but provides drainage and a flat surface for evacuation in emergencies. The rails are
not supported by rail pads and the resilience is mainly provided by the local resilience of the timber
sleeper.

Historical borings and geological maps of London show that the average thickness of the (saturated)
London clay layer at the site is 40 m. This was confirmed by cone penetration tests up to a depth
of 21 m, which also revealed the presence of a shallow top layer with a thickness of 4 to 6 m and
inclusions of sand and gravel and varying cone resistance. The deep layer is very homogeneous
with a gradually increasing cone resistance. The dynamic soil characteristics were determined by in
situ tests (MASW and SCPT) and laboratory tests on undisturbed samples (bender element test, free
torsion pendulum test) [75, 150]. Rail and wheel roughness was measured [30] and track properties
were determined by rail receptance and wave decay measurements [199]. No transfer functions from
track to free field were measured on this site.

No additional in situ vibration measurements will be performed within the frame of the SILVARSTAR project.
Additional well-documented data sets, with a similar degree of available information as specified for the
aforementioned case histories, will be welcomed. Users will also have the possibility to upload their own
experimental data.

This work will be performed in Task T2.1 "Collection of experimental database" as part of WP2 "Supporting
data and modelling for the vibration prediction tool". Results will be reported in Deliverable D2.1 "Database
for vibration emission, ground transmission and building transfer functions".
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7.4 Computational workflow

7.4.1 Introduction

The user will perform vibration analysis following a step-wise methodology. First, the geometry of the line
will be imported in the main IMMI interface, along with the geometrical definition of the buildings. The user
hence starts with a 2D map including the railway line and buildings (figure 54). The line is subsequently
divided into sections; for each section, the user selects source, propagation and receiver terms from pre-
defined lists, that are included in the integrated database or available as imported data. In the next step,
the prediction tool computes in each section the vibration level on the ground adjacent to the buildings and
the vibration and noise levels inside the buildings. In the last step, the user will post-process and analyse
the results.

Figure 54: Definition of sections along a railway line. In each section, the user selects the source, propa-
gation and receiver terms.

For preliminary vibration assessment, the user will benefit from the integrated databases (train, track, soil
and building) to perform a fast assessment of the affected corridor. For detailed vibration assessment, the
user will be able to import external results (measured or computed) to assess noise and vibration level with
higher precision.

Three schemes are provided for the prediction for ground-borne noise and vibration: fully numerical, fully
empirical, and hybrid. In the hybrid prediction scheme, there are two options: a numerical source model
combined with an empirical propagation term and an empirical source model combined with a numeri-
cal propagation term. In all prediction schemes, the receiver is represented by building correction fac-
tors Cb(x1,xb), that can be selected depending on building characteristics (construction type, number of
storeys, floor type,. . . ). Comparative studies according to a standards or guidelines (e.g. DB Ril 820.2050
[31]), where a set of building correction factors for different floor types is prescribed, will also be facilitated;
in this case, the vibration prediction tool will give results for the complete set of building correction fac-
tors. Alternatively, the user will also be able to import measured or computed building correction factors
associated with specific building characteristics.

The vibration prediction tool will automatically adapt the computation scheme to the chosen input data.
The details of each prediction scheme are described in the next subsections and summarized in table 4.
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7.4.2 Fully numerical prediction scheme

The fully numerical scheme will be based on the formulations described in section 4. This workflow can
be used, for instance, to evaluate the affected corridor along a railway line at an early design phase, when
results of in situ measurements are not yet available.

Numerical source models. The prediction model will be used to compute the dynamic axle loads, as
described in section 4.

Similarly to the current acoustic version of IMMI, a specific interface will be opened from the main IMMI
interface to define the model input parameters, related to the rolling stock, the track, the subgrade and the
soil. The following lists are not meant to be exhaustive, but give examples of important parameters that
are needed to set up the train-track interaction model and to compute the dynamic axle loads.

1. Rolling stock:

• General information: axle positions, operating conditions (e.g. train speed).

• Wheelsets, bogies, coaches: position, mass and mass moment of inertia.

• Primary and secondary suspensions, ring of resilient wheel: stiffness and damping.

• Wheel unevenness.

As a minimum requirement, the user will need to define the axle positions, the operating conditions,
and the unsprung masses. In the case of a bogie with resilient wheels but without primary suspen-
sion (specific architecture of some tramway vehicles), the user will have to define the wheel tread
mass (i.e. unsprung mass), the stiffness and damping of the ring, and the suspended mass on the
ring (axle and bogie frame). For a full model, the user will have to add the suspensions’ stiffness and
damping, as well as the suspended masses.

The database (cf. subsection 7.2) will include established models for tramways, intercity, high-speed,
and freight trains.

The model will also allow a vehicle receptance computed with external software to be uploaded.

2. Track:

• Rail: cross-section, moment of inertia, density, Young’s modulus.

• Rail pad: dynamic stiffness and damping.

• Sleeper: dimensions, density, sleeper distance.

• Under-sleeper pad: dynamic stiffness and damping.

• Ballast: dimensions, density, stiffness, damping.

• Under-ballast mat: dynamic stiffness and damping.

• Slab: dimensions, density, Young’s modulus, Poisson’s ratio.

• Floating slab mat: dynamic stiffness and damping.

• Rail/track unevenness.

The database (cf. subsection 7.2) will include established models for common track types such as
ballasted tracks, slab tracks, and floating slab tracks.
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3. Subgrade and soil:

• Subgrade: dimensions, density, shear and dilatational wave velocity, material damping ratios.

• Soil: layer thicknesses, density, shear and dilatational wave velocity, material damping ratios.

The database (cf. subsection 7.2) will include pre-computed soil impedance functions and transfer
functions for typical cases. Interpolations will allow the user to modify several parameters. The
subgrade and soil parameters mentioned above will be needed if additional computation is needed,
for example with the purpose of transposition.

Numerical propagation model. The user will have two options for the propagation term in the numerical
prediction scheme.

The first option is to choose the transfer functions from the integrated numerical database (including tunnel
situations), as described in subsection 7.2.

The second option is to import transfer functions from external computations. This option can be used,
for example, to evaluate the effect of mitigation measures in the propagation path. The type and format of
imported data will be the same as for the empirical prediction scheme, described in subsection 7.4.3.

The source and the propagation terms will be combined to compute the free field vibration levels at several
distances from the track.

Receiver models. No numerical model will be integrated in the tool for the buildings. Hence, the user
will have to compute the building correction factors Cb(x1,xb) externally and import these results into the
software, using the same format as for the empirical data.

7.4.3 Fully empirical prediction scheme

The fully empirical scheme will follow the FRA/FTA procedure as described in section 5. This workflow can
be used when data sets are available or collected in conditions that are sufficiently close to the situation
under consideration. In the main IMMI interface, the user will choose the source, propagation and receiver
terms.

Empirical source model. The user has several possibilities to define the source:

• The equivalent force density LF(X,x1) with excitation on the track (rail head).

• The equivalent force density LF(X1,x1) with excitation at positions X1 under or next to the track.

• The vibration velocity level Lv(xref) at a reference distance xref from the track.

Further parameters (metadata) are also necessary for a full definition of the excitation (train dimensions,
train type, train speed, track type, operating conditions).

In the case where the source is characterized by an equivalent force density or a reference vibration
level that was measured on a site with different characteristics than the site for which predictions must
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be made, a transposition procedure will be needed. This transposition procedure may be related to the
characteristics of the rolling stock, the track, the subgrade and the soil, and will be further developed in
WP2.

Empirical propagation model. Several possibilities are offered to the user to define the propagation
term in terms of a line source transfer mobility (or a difference of mobility levels). The particular choice
must be compatible with the definition of the force term:

• For a source defined by an equivalent force density LF(X,x1) with excitation on the rail heads X,
the line source transfer mobility TML(X,x1) also needs to be measured with excitation on the rail
head positions X, as described in subsection 5.3.1.

• For a source defined by an equivalent force density LF(X1,x1) with excitation at positions X1 under
or next to the track, the line source transfer mobility TML(X1,x1) also needs to be measured with
excitation at corresponding positions X1, as described in subsection 5.3.1.

• For a source defined by a vibration level Lv(xref) at a reference distance xref from the track, the
propagation term is defined as the level difference in line source transfer mobilities TML(X,x1) −
TML(X,xref) with impact positions X on the rail heads, as described in subsection 5.5.1. For the
case of a new track that has yet to be built, impact positions X1 below or next to the future track can
be chosen.

In view of the required compatibility, the user should be careful when using the propagation terms. In order
to avoid mistakes, the software will select propagation terms depending on the chosen source.

For preliminary vibration assessment of a new railway line, the propagation term can be selected from
the integrated experimental database or from previous in situ measurements. For a detailed vibration
assessment, the propagation term will be measured at the site where the impact study is performed.

Empirical receiver model. Several possibilities are offered to the user to define the receiver term. The
user will be able to select building correction factors from the main IMMI interface. The data will come
either from the integrated database of building correction factors for a range of typical buildings, or from
on-site measurements, as described in subsection 5.3.3.

7.4.4 Hybrid prediction with numerical source model and empirical propagation model

The hybrid formulations follow the same terminology as introduced in sections 5 and 6. In this subsection,
we consider the case where the source is represented by a numerical model and the propagation term is
based on in situ measurements.

The user will first define the train, track and soil parameters using a dedicated interface (cf. the description
of the numerical source model in subsection 7.4.3), so that the model can compute the dynamic axle loads.

Next, the user will choose the empirical propagation term from the integrated database or from imported
experimental data. This could be (a) a line source transfer mobility TML(X,x1) with excitation on rail
head positions X; (b) a line source transfer mobility TML(X1,x1) with excitation at positions X1 below or
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next to the track; or (c) a level difference in line source transfer mobilities TML(X,x1)−TML(X,xref), as
described in subsection 7.4.3.

Next, the program will automatically compute the appropriate secondary source term that can correctly be
combined with this empirical propagation term: this could be (a) an equivalent force density LF(X,x1) with
excitation on the rail heads X, (b) an equivalent force density LF(X1,x1) with excitation at positions X1

below or adjacent to the track; or (c) a vibration level Lv(xref) at a reference distance xref from the track.

Example 7.1: Computation scheme for hybrid prediction with coupling next to the track

SOURCE: numerical

Train parameters

Track receptance
�t(�)

Contact receptance
�c(�)

Vehicle receptance
�v(�)

Dynamic axle load
gdk (�)

Wheel-rail unevenness 
uw/r(�)

Equivalent force density 
next to the track 

LF (X1,x1)

PROPAGATION: empirical Line source 
transfer mobility

TML(X1,x1)

Free field vibration level 
Lv (x1)

RECEIVER: database Building 
correction factor

Cb(x1,xb)

Building vibration and noise level  
Lv (xb)  and  Lp (xb)

Equivalent force density 
at the rail head 

LF (X) or LF (X, x1)

Track, subgrade and soil
parameters

Figure 55: Hybrid prediction scheme combining a predicted source with experimental transfer functions.

This example illustrates the main hybrid prediction scheme proposed in SILVARSTAR for the assessment of
the vibration impact of a new railway line (figure 55). The user combines results obtained with a numerical
model of the source and in situ measurements of transfer functions, obtained with impact at positions next
to the (future) track. The building correction term is selected from the integrated database.

The line source transfer mobility TML(X1,x1) is measured with impact forces applied at positions X1 next
to the future track. The excitation will hence be characterized by a force density LF(X1,x1) with excitation
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at the same positions. To do so, the user will set-up the parameters of the train, track, subgrade, and
soil and select the track unevenness. The program will then compute the receptance at the wheel-rail
contact α̂c(ω), the track receptance α̂t(ω), the vehicle receptance α̂v(ω), as well as the wheel-rail contact
forces ĝdk(ω). The latter are subsequently transformed into a force density LF(X) (cf. equation (98)) or
LF(X,x1) with excitation on the rail head, which in turn is transformed into a force density LF(X1,x1)
with excitation at positions X1 next to the track. The computed force density LF(X1,x1) is added to the
measured line source transfer mobility TML(X1,x1) to obtain the vibration level Lv(x1). The vibration
level in a building Lv(xb) is finally obtained by adding a building correction term Cb(x1,xb). Additional
correction terms are applied to predict noise levels in rooms.

Example 7.2: Computation scheme for hybrid prediction with coupling at the rail head

This example illustrates the main hybrid prediction scheme proposed in SILVARSTAR for the assessment
of the vibration impact due to a modification of an existing railway line, for instance the introduction of a
new rolling stock. The user combines results obtained with a numerical model of the source and in situ
measurements of transfer functions, obtained with impact at the rail head. The building correction term is
selected from the integrated database.

This example is very similar to the previous one. The only difference is that the source and propagation
terms are now coupled at the rail head. Hence, the computation scheme is similar as the one shown in
figure 55, except that the force density LF(X,x1) is computed at the rail head and not next the track. This
source term is subsequently added to the measured line source transfer mobility TML(X,x1) to obtain
the vibration level Lv(x1). This different procedure will be transparent to the user, as the program will
automatically adapt the computation scheme for the source to the type of experimental line source transfer
mobility.

7.4.5 Hybrid prediction with empirical source model and numerical propagation model

In this subsection, we consider the case where the source is represented by means of measured data and
wave propagation in the soil is computed with a numerical model.

The user will first choose an excitation from the database or import measured data, as described in sub-
section 7.4.3. This could be (a) an equivalent force density LF(X,x1) with excitation on the rail heads X,
(b) an equivalent force density LF(X1,x1) with excitation at positions X1 below or adjacent to the track;
or (c) a vibration level Lv(xref) at a reference distance xref from the track. In addition, the user may need
to provide train, track and soil parameters in case a transposition is required.

Next, the user will select the soil model from the integrated database. The program will automatically
compute the propagation terms for coupling with the empirical soil model. Depending on the source model
chosen, this could again be a line source transfer mobility TML(X,x1) or TML(X1,x1), or a level differ-
ence in line source transfer mobilities TML(X,x1)− TML(X,xref), as described in subsection 7.4.3.

Example 7.3: Computation scheme for hybrid prediction with coupling next to the track
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This example could be used to assess the efficiency of a vibration mitigation measure in the propagation
path. The user starts from measured source data, which is a vibration level next to the track, and imports
transfer functions from external computations (figure 56).

The vibration level Lv(xref) at a reference distance xref is measured during train passages. The user
computes externally the line source transfer mobility TML(X,x1). The program subsequently combines
the vibration level Lv(xref) with a computed level difference in line source transfer mobilities TML(X,x1)−
TML(X,xref), to obtain the vibration level Lv(x1), as described in subsection 5.5.

The user can import the line source transfer mobilities for the propagation without and with mitigation
measure, so that the vibration isolation efficiency can be calculated and plotted in the IMMI interface.

SOURCE: empirical
Lv (xref)  

PROPAGATION: numerical

Line source 
transfer mobility

TML(X,x1) - TML(X,xref)

External 
computations

Free field vibration level 
Lv (x1)

Figure 56: Hybrid prediction scheme combining a measured source with predicted transfer functions.

7.5 Assessment of vibration mitigation measures

Vibration mitigation measures can be implemented at the source (train-track-soil interaction), in the trans-
mission path, or at the receiver. In this subsection, we briefly review some of these vibration mitigation
measures [117] and discuss how the hybrid vibration prediction will allow the user to evaluate the efficiency
of these measures. A more detailed account of different vibration mitigation measures can be found in the
review paper by Lombaert et al. [117] and several deliverables of the FP7 project RIVAS.

7.5.1 Mitigation measures at the source

At the source, train-track-soil interaction generated by combined wheel and track unevenness as well as
parametric excitation determine the dynamic vehicle loads transferred to the track. In order to reduce
dynamic vehicle loads, one could therefore try to reduce the excitation, i.e. geometric unevenness and
parametric excitation, or modify the dynamic characteristics of the rolling stock and the track.

Wheel and track unevenness. Reduction of combined wheel and track unevenness will only lead to
vibration mitigation when it is in the relevant range of wavelengths (table 1). The following measures
can be taken: wheel reprofiling or truing [201, 135], rail grinding or reprofiling [63], and ballast tamping
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[176]. Each of these measures has an impact on dynamic axle loads in a specific range of wavelengths or
frequencies, as summarized by Lombaert et al. [117].

The hybrid vibration prediction tool will allow to take into account the effect of the combined wheel and
track unevenness on the dynamic axle loads or the force density, as revealed by equations (57) and (98).

Rolling stock. Dynamic axle loads can also be reduced through modification of rolling stock character-
istics [201], such as the stiffness of the primary suspension and the unsprung mass, which are reported
as most influential [129, 201, 135]. Geometrical parameters (e.g. bogie and axle distance) mainly affect
the axle and bogie passage frequencies. Resilient wheels were found to effectively reduce ground vibra-
tion arising from rail defects [106]. Opportunities for reduction of ground-borne vibration by modification
of rolling stock characteristics may be limited for conventional trains, however. Considerable room for
improvement may exist for freight trains which generally lack a primary or secondary suspension.

The hybrid vibration prediction tool will allow to take into account the effect of rolling stock properties on
the dynamic axle loads through the vehicle receptance, as is clear from equation (57).

Track structure. Dynamic isolation of the track structure can be accomplished by introduction of resilient
elements at different levels. Examples of resilient track elements include resilient fasteners [135], under-
sleeper pads [91, 66, 161, 12], under-ballast mats [23, 72, 135, 200], and slab mats in floating slab tracks
[201, 135]. Measures providing resilience at a lower level in the track dynamically isolate a larger part of
the track mass and work in a lower frequency range. Under-ballast mats and floating slab tracks therefore
seem best suited for treatment of ground-borne vibration whereas other measures are, at least at first
sight, mostly of benefit for reduction of ground-borne noise. The introduction of resilient elements in the
track affects the dynamic axle loads, as well as the transfer function from the track to the soil [117], hence
determining the overall effect on ground vibration during a train passage. Adding resilience in the track
system may also lead to a reduction of parametric excitation due to differences in support stiffness [91, 78].
The efficiency of several vibration mitigation measures in the track was studied in WP3 of the FP7 project
RIVAS [13].

In the hybrid vibration prediction tool, the user will be able to add or modify the properties of track com-
ponents in order to evaluate and compare their vibration mitigation efficiency. A database of typical track
properties for ballast and slab track will be provided with the software (direct fasteners, under sleeper pads,
under ballast mats, slab mats in floating slab track,. . . ) in order to facilitate computations and comparative
studies. The user will also be able to import measured force densities for tracks without and with vibration
mitigation measures; this may require transposition from one site to another.

Track subgrade. Stiffening of the subgrade under the track is essentially performed for improving the
bearing capacity of soft soils and avoiding excessive track settlements, but has also been shown to be
effective in reducing ground vibration [1], in particular when quasi-static excitation is important [147]. Vari-
ous techniques for soil stiffening have been developed, some of which also allow for the treatment of soil
under existing tracks. Subgrade stiffening is not considered as a practical option for vibration mitigation by
railway operators because the works generally require interruption of railway operation.

Subgrade stiffening can conveniently be modelled with 2.5D FE-BE or 2.5D FE-PML models [177, 62];
these formulations remain expensive, though, in terms of computation time and will therefore not be used
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within SILVARSTAR. In the hybrid vibration prediction tool, the user will be able to import force densities
and transfer functions that are measured or computed with external software.

7.5.2 Mitigation measures in the transmission path

Mitigation measures in the transmission path aim at impeding the propagation of elastic waves travelling
in the soil from the railway track to nearby buildings. Examples include open and in-filled trenches, buried
wall barriers, subgrade stiffening next to the track, wave impeding blocks, and placement of heavy masses
or wave reflectors next to the track [117, 26]. The efficiency of these mitigation measures was studied in
detail in the FP7 project RIVAS, by means of numerical computation [43] as well as large scale in situ tests
involving the installation of a sheet pile wall in Furet (Sweden) [42] and a jet grouting wall in El Realengo
(Spain) [25], as described in Deliverable D4.5 of RIVAS [40].

The efficiency of vibration mitigation measures in the transmission path can conveniently be studied using
2.5D FE-BE or 2.5D FE-PML models (with or without spatial windowing) [28, 27, 41, 178]. These models
remain expensive in terms of computation time and will therefore not be integrated in the hybrid vibration
prediction tool in SILVARSTAR. Instead, the user will have the opportunity to upload transfer functions that
account for the installation of a mitigation measure in the transmission path that was measured in situ (on
a similar site) or computed with external software.

7.5.3 Mitigation measures at the receiver

Mitigation measures at the receiver include base isolation of the building [175] or box-in-box arrangements
of rooms [52]. These solutions are most often applied when vibration sensitive buildings are to be con-
structed near an existing railway; this is the case, for example, for laboratories, micro-electronic production
units and hospitals with very sensitive equipment, as well as recording studios and concert halls, that are
constructed near existing railways. When constructing new railways or upgrading existing railways, mitiga-
tion measures at source are often considered to be more effective and economical [74] as a larger number
of buildings can be simultaneously protected.

In the hybrid vibration prediction tool, the user will have the opportunity to upload transfer functions that
were obtained externally by numerical computation or experiments. Alternatively, the user may also opt to
use vibration levels in the free field, predicted with the tool, as an input to a more detailed (finite element)
analysis of a building subjected to base excitation.

7.6 Compatibility with international standards and guidelines

The new vibration prediction tool has to meet the requirements of existing standards and guidelines. The
general approach for the prediction of ground-borne noise and vibration arising from rail systems is de-
scribed in ISO 14837-1:2005 [88] and VDI 3837 [194]. Both guidelines involve separating the problem into
three subproblems: emission (source), transmission (propagation) and immission (receiver). The new vi-
bration prediction tool follows this approach. According to the ISO 14837-1:2005 and VDI 3837 standards,
all components of the prediction can be determined by measurements or calculations. This requirement is
also met by the hybrid approach followed in the new vibration prediction tool.

The outputs of the hybrid vibration prediction tool have to be compatible with international standards, as
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well as country-specific guidelines that are used for vibration assessment. In Europe, many standards are
used to evaluate ground-borne vibration from railways, such as ISO 2631-2:2003 [87], BS 6472-1:2008
[15], DIN 4150-2:1999 [38], UNI 9614:1990, NS 8176:2017, Real Decreto 1307/2007, and SS 460 48 61.
They are based on frequency domain or time domain indicators, derived from acceleration or velocity, with
various weighting functions.

There is a general need for harmonization of vibration standards in Europe, resulting in a European Stan-
dard that can be applied in combination with National Application Documents, in which country specific
limits and conditions are defined. One can take example from the Eurocode 8 that defines guidelines
for design of structures for earthquake resistance [49]. Such undertaking is beyond the scope of the
SILVARSTAR project, however.

In Deliverable D1.4 of the FP7 project RIVAS, Elias and Villot [47] reviewed standards and country-specific
guidelines, as well as laboratory and field studies relating to human exposure to vibration. Additionally,
they proposed four exposure descriptors based on maximum and equivalent values of both Wm-weighted
vibration and A-weighted ground-borne noise. An idealised exposure-response curve of the same form
was proposed for all four descriptors and target values were identified from existing exposure-response
curves. Waddington et al. [198] summarised the work on human response carried out in the FP7 project
CARGOVIBES, which included laboratory trials to measure the effects of vibration on sleep and a meta-
analysis to determine exposure-response relationships for railway vibration.

SILVARSTAR will ensure compatibility for assessment with some of the most commonly used international
standards (e.g. ISO 2631-2:2003, BS 6472-1:2008, DIN 4150-2:1999), in so far as these are based on
frequency domain indicators (both velocity and acceleration). As the proposed hybrid vibration prediction
tool operates in the frequency domain and the output will be a vibration velocity level in one-third octave
bands, this can easily be accomplished. Different frequency-based weighting functions given in the stan-
dards will be integrated in the tool. Furthermore, SILVARSTAR will incorporate the exposure descriptors
proposed in RIVAS. An open interface will be provided so that other international standards and guidelines
can be applied.

SILVARSTAR will also check compatibility with standards based on time domain indicators and provide
relations for appropriate post-processing. As an example, a methodology for such post-processing given
in the German guideline DB Ril 820.2050 [31] is explained here. The output of the spectral prediction
method using the statistical transfer functions is primarily a one-third octave band spectrum of the vibration
velocity level on the floor Lv(f) [dB]. The computation of the vibration velocity level Lv(f) as described
in DB Ril 820.2050 [31] is based on a measured and averaged vibration velocity level Leq(f) in the free
field. This influences the post-processing and calculation of the required time domain indicators KBFmax

and KBFTr, as described in the following.

In a first step, a one-third octave band spectrum of the vibration velocity is generated as follows:

v̂(f) = vref 10
Lv(f)
20 [mm/s] (125)

with vref = 5 × 10−8 m/s the reference velocity level. Based on this one-third octave band spectrum, the
KB(f)-value is assessed according to DIN 4150-2:1999 [38] (a summary of procedures defined in DIN
4150-2:1999 is also given in Deliverable D1.4 of RIVAS [47]):

KB(f) =
v̂(f)√

1 +
(
f0
f

)2
[−] (126)
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with f0 = 5.6 Hz the cut-on frequency of the high-pass filter. The basis of the description still is a one-third
octave band spectrum.

For the usual assessment in the time domain, an effective value KBFTm is calculated based on maximum
values KBFTi of the KB-weighted time signal in 30 s segments:

KBFTm =

√√√√ 1

N

N∑
i=1

KB2
FTi [−] (127)

The square of this effective value KBFTm quantifies the signal’s energy. As vibration is predicted in the
frequency domain in the hybrid prediction tool, equation (127) cannot be used. Based on Parseval’s
theorem, which states that the signal’s energy in the time and frequency domain are equal, the DB Ril
820.2050 guideline defines the effective value KBFTm as the following sum of centre values in one-third
octave bands:

KBFTm =

√√√√ 80 Hz∑
f=4 Hz

KB2(f) [−] (128)

Since the KBFmax-value required for the vibration assessment cannot be determined from the prediction
in the frequency domain, VDI 3837 provides the following approximate formula [194]:

KBFmax = cm KBFTm [−] (129)

where cm is an empirical value that can be taken as 1.5 for concrete floors and 1.7 for wooden floors. The
KBFTr value, which is also required for the assessment, can be calculated based on KBFTm [38].

A similar approach as used for KBFTm is proposed in Deliverable D8.1 of the FINE-2 project [173] for the
maximum transient vibration value (MTVV) defined in the ISO 2631-1:1997 standard [86]. This document
also points out that the estimated vibration level Lv(f) depends on the input considered. If this input is
an averaged spectrum, then Lv(f) also is an average level; if, on the other hand, the input is a max-hold
spectrum, then Lv(f) also represents a maximum level. Further post-processing and, hence, also the
calculation of descriptors such as MTVV depend on these choices. SILVARSTAR will further investigate
the appropriateness of the proposed relationships.

For the vibration dose value (VDV), ISO 2631-1:2003 (Annex C) [87] proposes the following approximation
to calculate an estimated vibration dose value (eVDV) from the frequency weighted RMS acceleration aw:

eVDV = 1.4 aw T
1/4 (130)

where T is the exposure duration in seconds.

Vibration assessment in BS 6472-1:2008 [15] is also based on vibration dose values, so that similar esti-
mations will be suitable.

An overview of the aforementioned standards and guidelines for vibration assessment is given in table 5
(after Elias and Villot [47]).

Furthermore, the output of the new hybrid vibration prediction tool also has to meet the requirements of
national standards and guidelines for ground-borne noise. The indoor ground-borne noise is calculated
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Table 5: Standards and guidelines for vibration assessment [47].
United Kingdom Germany

ISO 2631-1:1997-05 BS 6472:1-2008 DIN 4150-2:1999-06
ISO 2631-2:1997-05 DB Ril 820.2050

Measured / Acceleration Acceleration Velocity
predicted quantity [m/s2] [m/s2] [mm/s]

Indicator RMS weighted value KBFmax

Vibration dose value (VDV) VDV KBFTr (day/night)
Maximum transient
vibration value (MTVV)

Estimation of eVDV = 1.4awT
1/4 eVDV = 1.4awT

1/4 KBFmax = cmKBFTm

indicator from
frequency domain

Table 6: Standards and guidelines for ground-borne noise assessment [47].
United Kingdom Germany

ISO 14837-1:2005-07 Contractual guidelines TA Lärm
DB Ril 820.2050

Frequency weighting A A A
Indicator Maximum SPL Maximum SPL Lsek,max

LpASmax [dB] LpASmax Lm (day/night)
Equivalent SPL LAeq LAeq

(per event or longer duration)

from the predicted velocity level on building floors by using correlation functions. Standards and guidelines
for the assessment of ground-borne noise were also reviewed by Elias and Villot [47] in Deliverable D1.4 of
the FP7 project RIVAS. All reviewed guidelines use sound pressure level (SPL) as an indicator. ISO 14837-
1:2005 uses the maximum A-weighted SPL LpASmax and an equivalent SPL LAeq, while other guidelines
use only one of the aforementioned indicators. Few guidelines use a C-weighting of the SPL.

An overview of some of the standards and guidelines for noise assessment is given in table 6.

7.7 Compatibility with external GIS software

The compatibility of output with respect to external GIS software will be ensured, so that the results can
easily be exported to GIS formatted data and visualised in existing software. Within SILVARSTAR, the
IMMI software developed by Wölfel will be used.

IMMI provides bidirectional integration of shape files, i.e. any shape file can be imported and used to gen-
erate objects in IMMI, and data sets (mainly calculation results, but also object geometries if required) can
be exported as shapes. This means that data sets from all common GIS programmes can be imported into
IMMI and model data and results can be exported from IMMI to shape data sets. The assignment of GIS
data to IMMI model data is done via a flexible filter. It is only necessary to ensure that the corresponding
attributes are available in IMMI for the assignment. The attributes required for SILVARSTAR (e.g. soil,
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buildings) to compute vibration levels must be defined and implemented in IMMI at a suitable location.
Shape files basically consist of three individual files with different properties as summarized in table 7.

Table 7: Shape files used in IMMI.
Extension Format Description
.shp Shape Feature geometry
.shx Shape index Positional index of the feature geometry

to allow for quick forward and backward searching
.dbf Attribute columnar attributes for each shape, in dBase IV format

7.8 Compatibility with requirements formulated by FINE-2 partners

SILVARSTAR will ensure that the developed methodology and vibration prediction tool are compatible with
the requirements formulated in Deliverable D8.1 by the partners in the complementary project FINE-2
[173].

These requirements concern several aspects of the development:

1. The planning of the model development, in relation to the planning of the FINE-2 project.

2. The content and organisation of the numerical and experimental databases.

3. The input and output data (type, formats, frequency content, compatibility,. . . ).

4. The step-wise methodology for ground vibration impact studies:

(a) Rapid identification of the affected corridor along the railway line.

(b) Detailed vibration assessment for buildings inside the affected corridor.

(c) Evaluation of vibration mitigation measures.

5. The Graphical User Interface.

6. The interface with Geographical Information Systems.

Table 11 in appendix A.2 presents a detailed summary of all requirements for the vibration prediction tool as
formulated by FINE-2 [173], together with an indication on how SILVARSTAR will meet these requirements.
From this overview, it is clear that the modular and hybrid approach of SILVARSTAR and its integration into
the IMMI software meet most of the detailed requirements as formulated by FINE-2.

The development of the hybrid vibration prediction tool in SILVARSTAR will commence from numerical
models of the train-track-soil interaction problem to ensure the scientific validity of the prediction results.
This constitutes the main deviation from the FINE-2 requirements, which expect a development based
on empirical approaches. The final hybrid vibration prediction tool, however, will allow the user to use
empirical data, numerical results, or a mixture of both. This is in line with the requirements formulated by
FINE-2.
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8. USE OF THE PREDICTION TOOL IN PRACTICAL VIBRATION STUDIES

8.1 Overview of vibration impact studies

As summarized by Garburg [59] during the UIC Railway Noise Days (February 2021), one can differenti-
ate between the following practical situations when infrastructure managers, permanent way owners and
vibration consultants are confronted with noise and vibration problems:

1. New railway infrastructure to be built:

• Absolute values are to be predicted and evaluated according to given standards or guidelines.

• Many buildings along the line must be assessed.

• Experimental data are limited, as the line does not yet exist. Most input parameters are deter-
mined from databases or simulations, in particular the excitation.

2. Structural modification or extension of an existing railway line (change of excitation):

• The relative increase (or decrease) with respect to the current situation is to be predicted.

• Field measurements are performed to determine the source, propagation and receiver terms.

3. New buildings to be constructed next to an existing railway line:

• On site measurements are performed to determine the source and propagation terms.

• The building must be modelled to obtain the receiver term.

8.2 Current practices for prognosis and assessment

The three aforementioned situations are regularly handled by Vibratec and Wölfel in vibration consultancy
projects. The following subsections describe the current processes and approaches taken, and how the
SILVARSTAR vibration prediction tool is expected to support these.

The SILVARSTAR hybrid vibration prediction tool will allow users to perform the three types of studies, with
great flexibility to define input data. The integrated experimental and numerical databases will allow users
to perform fast assessment along the railway line, with assumed train, track and soil types. The Graphical
User Interface will facilitate the inclusion of measured (or computed) data to describe the source, the
propagation and the receiver.

8.2.1 Prediction for a new railway infrastructure

This type of project is frequently handled by Vibratec.

For the construction of new tracks or a new network, the vibration prediction procedure can take several
forms, depending on the input data, but also on the type of traffic. Two cases are described here: a

Deliverable D1.1 Page 115 of 135 25/05/2021



Grant Agreement
No. 101015442

tramway and an underground subway line. In both situations, the first step is to identify sensitive buildings
along the railway line. This is currently done by means of simple rules (based on distance between track
and building) or by fast estimations (e.g FRA guidelines).

This first step will be made easier and more complete in the SILVARSTAR vibration prediction tool, thanks
to the integrated databases of source, propagation and receiver terms (cf. subsections 7.2 and 7.3). The
user will be able to import the railway line trajectory and building positions (GIS data) and to perform fast
predictions of vibration levels in the buildings, with a minimum amount of input data (train and track types,
broad soil description, generic building descriptions).

The second step is to predict vibration and noise levels inside the selected buildings, with more accurate
data for the source, the propagation and the receivers. Currently, this is done separately from the first step.
With the new tool, it will be possible to perform this assessment subsequently to the previous step, with
the same railway line trajectory and building positions. Each component of the vibration transmission path
(source, propagation, reception) will be updated by measurements or numerical results, depending on the
situation.

When dealing with a tramway (or any other track at grade), it is generally easiest to go on site and to
directly measure the transfer functions. Alternatively, geophysical prospection (MASW, seismic refraction,
cross-hole, down-hole,. . . ) can be performed to determine the dynamic soil characteristics [77], so that
transfer functions can be computed, but such a procedure can be difficult in an urban environment. For
the case of an underground line, the dynamic soil characteristics may need to be determined up to a larger
depth.

For a tramway or surface railway, the vibration prediction procedure with the SILVARSTAR tool will be as
follows:

1. Source (experimental): if a similar track and rolling stock are available on another site, measure-
ments are performed to obtain ground vibration levels due to train pass-bys. On this site, the line
source transfer mobilities are also measured, so that the equivalent force density can be determined
and imported in the SILVARSTAR tool.

2. Source (numerical): a train-track-soil numerical model is set up, using the integrated databases and
numerical models. If results of previous in situ measurements on sites with similar conditions sites
are available, these can be used for validation or model updating.

3. Propagation (experimental): on-site measurements are performed to obtain the transfer functions
on the sites where the predictions must be made; the results are imported in the SILVARSTAR tool.
As mentioned before, determining dynamic soil characteristics by means of geophysical prospection
methods could be difficult in an urban environment, so that computation of transfer functions is only
rarely pursued in this case.

4. Source and propagation (hybrid): the vibration level outside the building is predicted with the SIL-
VARSTAR tool, using the source model and the measured transfer functions. The model is used to
modify track parameters such as the rail pad stiffness or the floating slab mat stiffness. The choice
of the track type and characteristics is the most crucial for the control of ground borne noise and
vibration for new tramway lines.

5. Building: compute the vibration level and noise level inside the building, from all the previous steps
combined with building correction factors.
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For an underground railway, the vibration prediction procedure with the SILVARSTAR tool will be as follows:

1. Source (experimental): in situ measurements are performed in and near a tunnel to obtain the equiv-
alent force density for a given track and for different speeds [195] (based on vibration levels during
train passages and line source transfer mobilities). These results are imported in the SILVARSTAR
tool.

2. Source (numerical): if no measurements are possible, coupled train-track-tunnel models are used to
compute the equivalent force density. The models can be used to obtain the equivalent force density
for different types of track.

3. Propagation (experimental): in situ measurements in various sections to obtain the transfer functions
in the soil are seldom performed due to their practical complexity.

4. Propagation (numerical): tunnel-to-soil surface transfer functions are computed, using a model
based on dynamic soil characteristics that are obtained by means of in situ geophysical prospec-
tion.

5. Building: compute the vibration level and noise level inside the building, from all the previous steps
(source and propagation) combined with building correction factors.

In some cases, vibration consultants are not requested or allowed to perform vibration measurements
inside houses or residences. In the case of a surface railway or tramway, the prediction will hence be made
at the ground in front of the building; the usual vibration limit in France is 66 dBv (reference 5×108 m/s). For
sensitive situations, margin can be added, or specific models can be set-up. In the case of underground
lines, and for specific buildings in the proximity of surface lines, vibration and noise levels are computed
using empirical transfer functions. The limit vibration levels are defined, for example, by the ISO 2631-
2:1997 standard, while the limit noise levels are defined, for example, by the World Health Organisation
(WHO) [204] or in local guidelines.

The results obtained within the vibration prediction tool will be easily convertible from one standard to
another.

8.2.2 Prediction for change in emission

This type of project is also frequently handled by Vibratec. The main difference compared to the construc-
tion of a new railway line is that the line already exists and in situ measurements can be performed more
extensively. In practice, the study is currently divided in several steps:

1. In situ measurements, analysis and diagnostics: this can involve pass-by measurements (initial noise
and vibration state), track and soil characterization (propagation), visual inspection of the state and
structural integrity of tracks and components, etc.

2. Modelling of the change in vibration emission: this step involves the use of numerical models with dif-
ferent degree of complexity, post-processing of measured data from reference sites (transpositions),
etc.

3. Predictions, generally involving the coupling of numerical predictions and measured data. Predicted
vibration levels are presented as relative values allowing a comparison of the new state with the
initial state.
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Similar steps will be performed within the SILVARSTAR tool. The initial source will be measured and trans-
posed to the final situation (e.g. change of track components, increase of traffic volume). The measured
propagation and receiver terms will subsequently be used to compute noise and vibration levels inside
a building. The main enhancement will be the validated transposition method that will be developed in
WP2. The integrated databases will also help to generate source terms for modified situations, based on
measurements or numerical models.

In recent projects, consultants were asked to determine if part of an existing track base could be kept
instead of being destroyed completely for renewal. This is not only done for economic, but also for eco-
logical reasons, hence minimizing environmental impact as much as possible. Typical examples are the
renewal of old resilient layers of floating slab tracks, or a replacement of rails, fasteners and pavements.
Although not specifically designed to study such cases, the vibration prediction tool may be applied for
these situations, if done carefully.

8.2.3 Prediction for new buildings

This type of project is frequently handled by Wölfel. The following description primarily refers to German
vibration norms and guidelines, but is also applicable in combination with other guidelines.

According to DB Ril 820.2050 [31], the emission and transmission of vibration due to existing railway lines
must be measured according to DIN 45672-1:2018 [39]. Therefore, railway induced vibration is measured
at a reference distance of 8 m from the track centre and in the area of the planned building (usually in
free field conditions). At least two parallel measurement lines perpendicular to the track are set up. If
it is not possible to measure all train passages during a longer period (day and night), a representative
number of train passages for each type of train can alternatively be measured (minimum 5 passages per
class according to DIN 4150-2:1999). Every type of train running on each track then forms one class.
If the variance of vibration levels for a particular class is too large (e.g. due to varying train speed, train
composition, number of carriages, or the appearance of wheel flats), this class can be further subdivided in
separate classes. A radar is used to measure the length and speed of the trains. Several classes per train
type can be formed based on this information. This procedure also allows for different future scenarios of
traffic volume and composition to be accounted for.

In the DIN 4150-2:1999 standard, vibration assessment is primarily based on measured velocity time
histories. For vibration prediction in new buildings, however, a spectral analysis following the DB Ril
820.2050 guideline is usually performed, as it provides statistically determined building correction factors
from the free field to building floors. These correction factors are defined for wooden and concrete floors,
with a resonance frequency at one-third octave bands between 8 and 80 Hz; for each of these cases, they
are tabulated at one-third octave band centre frequencies between 4 and 250 Hz. At every output point,
the values KBFmax and KBFTm are calculated using the building correction factors of a particular floor,
defined by its material and estimated resonance frequency. The KBFTm-value is evaluated according
to equation (128), which limits the frequency range of interest between 4 and 80 Hz. Depending on the
traffic scenario considered (number and type of trains per class), the vibration dose values KBFTr for day
and night periods are also calculated. The vibration assessment is finally performed according to the DIN
4150-2:1999 standard by comparing the KBFmax values with the limits Au and Ao or the KBFTr values
with the limit Ar. These limit values depend on the classification of the area where the building is located.
The prediction of vibration for different floor resonance frequencies makes it possible to give advice on the
construction type and dimensions of the future building.
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In addition, ground-borne noise is usually predicted based on additional correction factors between floor
vibration levels and noise levels in rooms. Using the correction factors of the DB Ril 820.2050 guideline,
the maximum and average ground-borne noise levels Lsek,max and Lsek,av are calculated for each output
point, floor resonance frequency (distinguishing between wooden and concrete floors) and train class.
Taking into consideration the number of trains, the assessment level Lam is determined for day and night
periods. Limit values are provided in the German TA Lärm [16].

This process will be implemented in a similar form in the new vibration prediction tool, incorporating all
steps. The vibration levels measured at free field locations can be imported directly in the tool. The
assignment of measurement data to different train types as well as the definition of number of trains per
type can also be done. The tool will further provide a variety of empirical building correction factors for the
prediction of vibration levels on building floors as well as ground-borne noise in rooms. The classification of
buildings or urban areas depending on use will also be possible. Finally, a variety of international standards
and guidelines will be available for assessment of vibration and ground-borne noise.
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A. APPENDICES

A.1 Parameters for case history

In the case history, several calculations are performed with the models MOTIV and GroundVIB in order to
illustrate different aspects of the numerical prediction of ground vibration due to passing trains.

The train consists of a single vehicle moving with a speed of 150 km/h (41.7 m/s). The vehicle parameters
used for all computations are given in table 8 and correspond to a generic train vehicle.

Table 8: Vehicle parameters.

Car body
Mass
Pitching moment of inertia

mc = 32000 kg
Jc = 1.2 · 106 kg·m2

Bogie

Mass
Pitching moment of inertia
Half distance between bogie cen-
tres

mb = 5000 kg
Jb = 6000 kg·m2

lb = 8.5 m

Wheelset
(unsprung mass)

Mass
Static axle load
Contact stiffness (per wheel)
Half distance between axles

ma = 1200 kg
gsk = 114.8 kN
kH = 1.26 · 106 kN/m
la = 1.25 m

Primary suspension
Vertical stiffness per axle
Vertical viscous damping per axle
Spring lateral half distance

kp = 2000 kN/m
cp = 40 kN·s/m
lp = 0.9 m

Secondary suspension
Vertical stiffness per axle
Vertical viscous damping per axle

ks = 500 kN/m
cs = 31.6 kN·s/m

The track considered in the simulations is a typical ballasted track with UIC60 rails, fastened on the sleep-
ers using standard grooved rail pads. A second case with softer rail pads is also considered in the sim-
ulations. The rail pad stiffness krp in this case is assumed equal to 30 MN/m, with a damping loss factor
ηrp = 0.25.

The ballast layer has a width of 3.0 m at the top and 3.6 m at the base, and a height of 0.3 m. The ballast
mass and stiffness parameters are based on measurements presented by Zhang et al. [211]. These
parameters are listed in table 9. The density of the ballast is equal to 1500 kg/m3.

The rail unevenness spectrum used is the limit spectrum from ISO 3095:2013 which is typical of a low
amplitude roughness spectrum. For wavelengths longer than 0.4 m the unevenness spectrum has been
extrapolated. At 150 km/h and for frequencies from 1 Hz to 315 Hz, the range of wavelengths is 42 m to
0.13 m. The assumed unevenness spectrum is plotted in figure 57 in one-third octave bands.

The ballasted track is located on the surface of a homogeneous ground, represented as an elastic half-
space. Three different types of ground are considered for the simulations, corresponding to soft, medium
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Table 9: Parameters used for the ballasted track.

Rail UIC60

Mass per unit length
Bending stiffness
Damping loss factor
Rail positions

ρrAr = 60.21 kg/m
ErIr = 6.22 MN·m2

ηr = 0.02
l1 = l2 = 0.75 m

Rail fastener (pads)
Rail pad stiffness
Rail pad damping loss factor

krp = 150 MN/m
ηrp = 0.3

Sleeper

Sleeper mass
Length
Width
Sleeper spacing

msl = 325 kg
2b = 2.6 m
bsl = 0.25 m
d = 0.6 m

Ballast
Ballast smeared mass
Ballast smeared stiffness
Damping loss factor

mb = 1485 kg/m
kb = 833 MN/m2

ηb = 0.15

Figure 57: Assumed unevenness spectrum in one-third octave bands. At 150 km/h and for frequencies
from 1 Hz to 315 Hz, the range of wavelengths is 42 m to 0.13 m.

and stiff soil. The dynamic soil characteristics are summarized in table 10 and are defined in terms of the
dilatational and shear wave velocity, the density, and the material damping. Although not based on actual
sites, these properties are chosen as typical values for soft, medium and stiff soil.

Both quasi-static and dynamic excitation due to rail unevenness are considered and comparisons are made
of the following quantities of interest:

• The wheel and rail receptance, i.e. the displacement due to a unit load distributed over both wheels
and rails.

• The dynamic axle loads due to the track unevenness.
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Table 10: The parameters used for the different types of ground.
Ground type P-wave velocity S-wave velocity Density Material damping ratio

(m/s) (m/s) (kg/m3)
Soft 200 100 1800 0.025
Medium 400 200 1800 0.025
Stiff 800 400 1800 0.025

• One-third octave band RMS values for the vibration velocity in the free field at 4 m, 8 m, 15 m, and
20 m due to the passage of the train.
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A.2 Requirements formulated by FINE-2 partners

Table 11: Requirements for the vibration prediction tool defined by the FINE-2 project and compatibility of
the hybrid vibration prediction methodology proposed by SILVARSTAR.

Item Requirement SILVARSTAR tool Comments from SILVARSTAR

Compliance with ISO 14837-1 or VDI 3837.

L_v = L_s + ΔL_p + ΔL_r

At receiver position: inside building or on the ground.

Force density or reference vibration level at 8 m from track.

yes 

We prefer force density.

We can also provide reference vibration level at 8 m 

from track, but only if we also have a line transfer 

mobility for this location.

Base version:  measurements only (at grade, including 

embankment and cutting), database and Graphical User 

Interface (GUI).

yes

Empirical model version: re-calculated measured data 

(transposition from one site to another, change of train speed, 

point sources such as switches,...).

yes

Hybrid model version: numerical (or analytical) models and 

measured data.
yes

1 Hz ≤ f ≤ 315 Hz

1 Hz ≤ f ≤ 80 Hz as a minimum requirement
yes

z-direction or x, y, z direction. yes

2.2.2 Physical dimensions Reference velocity v_0 for vibration level in dB. yes
We will preferably use  5e-8 m/s, but options for 

transferring will be available in the tool.

MTVV and VDV according to ISO 2631-1:1997 and ISO 2631-

2:2003.
yes

VDV requires time signals so cannot be obtained from 

a frequency domain calculation.

The approximate value eVDV as defined in Annex C of 

ISO2631-1:1997 can be obtained. 

MTVV is the maximum transient vibration value, 

calculated at a one-second interval; this can also not be 

obtained from a frequency domain model.

KB_Fmax and KB_FTr according to DIN 4150-2:1999. yes

In the DIN standards, approximate formula are 

proposed to obtain the time domain descriptors 

KB_Fmax and KB_FTr from results in the frequency 

domain.

L_vSmax according to ISO/TS 14837-31:2017. yes

L_vSmax requires time signals so cannot be obtained 

from a frequency domain calculation. We can estimate 

it from the RMS spectrum with an empirical correction.

2.2.4 Calculation time
Base version: few minutes to less then 60 min.

Very advanced module: less then 8 hours.
yes

Base version: typical number of receivers to be 

computed is ~50.

GUI yes
Prototype version: simple GUI for testing purposes.

Final version :  IMMI interface.

Interface to GIS based software. yes

Prototype version: will not include a GIS interface.

Final version: IMMI already includes this and will be 

adapted.

Import of measurement data. yes
The measurement data format will be defined (source 

spectra, transfer functions,…).

Open interface allowing for future improvements. ? Must be further discussed with FINE-2 partners.

Tunnel (1 Hz ≤ f ≤ 315 Hz) yes
Some pre-calculated tunnel situations will be included 

in the tool.

Ground vibration expert with training. yes

Support for the user to select appropriate data. yes A User's Guide will be written.

At least Windows 10 yes

A stand-alone application is preferred. yes

Final version included in IMMI and commercialised by 

Wölfel as an independent module from the noise and 

air pollution calculation modules.

Maintenance and updates ensured by developpers. yes To a certain extent: interface maintained through IMMI

Publicly available programming language for prototype 

software.
yes

Matlab will be used. However, the source code won't 

be made fully open source.

Database (measured source spectra, transfer functions). yes

The database will include few well-documented cases 

with in-depth measurement data.

The user will be able to import measured data such as 

roughness spectra, ground vibration levels or transfer 

functions, as well as physical data such as train or track 

parameters for the numerical prediction model.

Traceability of results (linked to input data). yes Project (data) and results will be saved.

The tool will be based on physical numerical models, 

which will gradually be expanded to allow for inclusion 

of measurement data.

2.2.1 Calculation domain 

2.2.7 Software

2.2.3 Vibration descriptors

2.1 General approach

This depends on the user's input data.

2.2.5 Interfaces

2.2.6 User group
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GUI concept at early stage yes

The GUI of the prototype prediction tool and the GUI 

of the final vibration prediction tool won't be the same. 

The prototype prediction tool will be available at an 

early stage.

Development of the GUI: stepwise and in close cooperation 

with FINE-2.
yes

Working base version: January 2022. yes

Prototype vibration prediction tool available at M12 

(Oct 2021) and validated at M18. 

Final version available at M20.

Calculation models for empirical model validated in January 

2022.
?

Transposition method will allow the "empirical model" 

at M18 (April 2022).

2.3 Base version See comments on Section 2.1 (general approach).

2.4 Extended versions See comments on Section 2.1 (general approach).

Step1: import 3D geodata; create new tracks and buildings 

(geometrical data); selection of vibration descriptors.
yes

Step 2: definition of emission data for each track sections; 

definition of parameters for variations.
yes

Step 3: definition of soil propagation and type of buildings. yes

Step 4: prediction of corridor of affected buildings (including 

variation of floor resonance frequencies). Based on maximum 

vibration descriptor value.

yes

Step 5: definition of individual building characteristics in the 

corridor; change of relevant parameters or components.
yes

Step 6: full calculation and output data (2D plot with colour 

indication and ordered list of calculated vibration values at 

receivers).

yes

2.5.2 Refinement of the 

prediction
Use of building transfer functions for refinement. yes IMMI vibration module will be developped in this way.

Possibility to compare two or more configurations. yes

Possibility to define reference data. yes

2D color map. yes

Geodata: tracks and buildings. yes IMMI already includes this

Vibration descriptors. yes IMMI will be adapted

Building description: type, number of floors, limit values for 

vibration.
yes IMMI will be adapted

Building classification (residential, workshop,…). yes IMMI already includes this

Data for train emissions and vibration transfer: number of 

trains per day or night.
yes

IMMI already includes this, and will be adapted for 

vibration

Vibration spectrum at 8 m from track. yes

We would prefer force density.

We can accept vibration data at 8 m but only if we also 

have a line transfer mobility for this location

Spectrum of blocked or coupled force at wheel-rail contact 

(and track-to-soil transfer function).
yes

We expect to use a force density spectrum but this is 

to be defined further in the project

Vibration spectrum at the tunnel invert. yes

Potential problem with quasi-static component which 

will not propagate to the far fiel. We would prefer 

force density.

ΔL_GE: transfer function from track to point of emission. yes

ΔL_GP: transfer function from point of emission to building. yes

ΔL_RStruct1: transfer function from ground to building 

foundation.
yes

ΔL_RStruct2: transfer function from building foundation to 

floors.
yes

2D map: corridor limits, green or red dots for buildings. yes
IMMI already includes this and will be adapted for 

vibration.

Comparison of initial and final configurations: visualised as 

differences betweent the indicators.
yes

IMMI already includes this and will be adapted for 

vibration.

Ordered list of calculated vibration values at receivers and limit 

values (UFF or CSV files), including:

-unweighted velocity spectra in one-third octave bands from 1 

to 80 Hz at receiver positions;

- extracted single number values = vibration descriptors at the 

receiver positions inside buildings.

yes
IMMI already includes this and will be adapted for 

vibration.

Receiver positions: 

- minimum at the middle of ground floor and highest floor;

- depending on local situation at other positions inside the 

building; 

- on the ground at specific distances from the track.

yes IMMI will be adapted.

Output linked to input data for traceability. yes IMMI will be adapted.

2.5.1 General procedure

2.5.3 Comparison of 

configurations
IMMI already includes this and will be adapted.

The concept of the tools will integrate this subdivision 

of the vibration propagation path.

IMMI already uses these steps for acoustics, and will 

be adapted for ground vibration.

2.6 Input

2.7 Output

2.2.8 Time schedule
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Source data and metadata (associated information). yes based on CNOSSOS as far as possible

Import function for spectra. yes must be discussed with FINE-2

Status of data in progress, released or invalid). yes must be discussed with FINE-2

Database structure avaliable at early stage of the project. yes See WP2, database available at M12 (Oct 2021).

User's manual. yes IMMI

Documentation of input and output interfaces. yes IMMI

Documentation of calculation model and validation. yes Deliverables D1.1 and D1.2.

3 Database

3.1 Documentation
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